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Abstract:

This paper investigates the application of the Bernoulli operational
matrices (BOM) method for solving second-order singular nonlinear
differential equations. Unlike traditional implementations of operational
matrices with Chebyshev, Legendre, or Bernstein polynomials, this work
emphasizes the efficiency of the Bernoulli basis in achieving high accuracy
with relatively few expansion terms. The proposed approach expands the
solution in shifted Bernoulli polynomials and uses corresponding operational
matrices of differentiation, integration, and product operations to reduce the
problem to a system of algebraic equations.

The method was implemented in Python and tested on benchmark models
such as the Lane—-Emden equation. Numerical experiments show that with
only N = 14 basis functions, the BOM achieves a maximum error of order
1079, closely matching reference solutions. The convergence analysis
confirms the spectral accuracy of the method, with errors decreasing
rapidly as N increases. A comparison with Chebyshev collocation highlights
that the Bernoulli approach reaches the same accuracy with fewer basis
terms and lower computational effort.

These results establish the Bernoulli operational matrices method as a
reliable and computationally efficient tool for singular nonlinear models.
Future extensions may include fractional-order systems and higher-
dimensional applications.

1. Introduction:

1.1 BACKGROUND AND MOTIVATION:

Second-order singular nonlinear differential equations appear in a wide
variety of applications, ranging from astrophysics (stellar structure and
isothermal gas spheres) to engineering sciences (thermal boundary layers,
fluid mechanics, and chemical reactor models). A typical feature of these
equations is the presence of a singularity at one of the boundary points, most
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often at x = 0, Such singularities arise due to terms like % or x—lz which

complicate both analytical treatment and numerical approximation.
Classical numerical techniques, such as finite difference methods, shooting
techniques, and perturbation methods, tend to suffer from instability, slow
convergence, or loss of accuracy near the singularity. Moreover, such
methods usually require fine discretization to control the error, which
significantly increases computational cost. These challenges have motivated
the search for spectral and operational matrix methods, which can
provide accurate approximations with relatively few basis functions.
Traditional solution methods—such as finite difference schemes, shooting
techniques, or perturbation approaches—can provide solutions in some cases
but often face severe drawbacks. Near the singularity, many of these
methods suffer from instability, loss of accuracy, or require very fine
discretization grids, leading to high computational costs. Consequently, there
has been strong motivation to explore spectral and polynomial-based
methods, which approximate the solution using a global basis and achieve
higher accuracy with fewer degrees of freedom.
One promising approach relies on Bernoulli polynomials combined with
operational matrices. Bernoulli polynomials are attractive because they are
easy to generate, smooth, and have well-defined integration and
differentiation properties. When operational matrices are constructed for this
basis, calculus operations on the differential equation reduce to matrix
multiplications, thereby transforming the original singular problem into a
system of algebraic equations.
Although spectral methods based on Chebyshev, Legendre, and wavelet
functions have been widely investigated for singular equations, the use of
Bernoulli operational matrices (BOM) remains relatively underutilized.
Early studies suggest that BOM can provide accurate solutions with fewer
basis terms and lower computational cost, but their full potential for
nonlinear singular problems has not yet been systematically addressed.
1.2 NOVELTY AND CONTRIBUTION:

While operational matrix methods have been studied previously with
Chebyshev, Legendre, and Bernstein bases, and even with Bernoulli
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polynomials in limited contexts, these works often lacked (i) a detailed
treatment of nonlinear singular problems, and (ii) a quantitative analysis of
convergence and computational efficiency.

The novelty of this work lies in:

. demonstrating that the Bernoulli basis achieves spectral-level accuracy
with fewer expansion terms than competing polynomial bases;

« providing a structured product-matrix formulation for nonlinear terms
that is stable near the singularity; and

« presenting quantitative convergence and error benchmarks that were
not previously reported for Bernoulli-based approaches.

The specific contributions are:

1) Presenting the construction of Bernoulli polynomials and their operational
matrices for integration, differentiation, and product operations.

2) Formulating a numerical scheme that transforms the singular nonlinear
problem into an algebraic system.

3) Implementing the approach in a computational setting (Python/Matlab).

4) Demonstrating the method on benchmark examples with three key visuals:
e Exact versus approximate solutions,

e Error distribution across the domain,

e Convergence with respect to the basis size.

The findings confirm that the Bernoulli operational matrix method
provides a reliable and efficient framework for handling singular nonlinear
models, offering both accuracy and computational simplicity.

1.3 RELATED WORKS:

Recent contributions have applied Bernoulli-based functions to singular
models. One study used Bernoulli polynomials to approximate integral
equations with weakly singular kernels, achieving accurate results through
straightforward computation (Mustafa & Abd-Alrazak, 2024). Another line
of research introduced extended Bernoulli wavelets and benchmarked them
against classical spectral bases—such as Legendre and Chebyshev
wavelets—for solving Lane—Emden type equations (Singh & Sharma, 2024).
More recently, Bernoulli-based reproducing-kernel frameworks have been
proposed for tackling nonlinear singular boundary-value problems, showing
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reliable and efficient performance (Ghasemi & Saadatmandi, 2024).
Collectively, these works highlight the rising role of Bernoulli expansions as
practical spectral tools, which aligns well with the goals of the present
research.

2. Preliminaries on Bernoulli Polynomials:

2.1 DEFINITION AND PROPERTIES

The Bernoulli polynomials {B,,(x)},=, are defined through their exponential
generating function:

0

text tn
e E Bn(x)m, |t |< 2m. (D

n=0

An equivalent explicit form of the Bernoulli polynomials is given by the

expansion
L) _ (2)
B,(x) = By x™k
() §k=0(k) "

Where B, denote the Bernoulli numbers. This representation is useful for
direct computation of the polynomial coefficients.
From this expression, the first few polynomials can be computed explicitly:

1 1
By(x) =1,B,(x) =x _E'BZ(x) =x?—x+—-,B;(x)

6
3 1
=x3—5x2+5x

They satisfy simple recurrence and derivative properties such as

d
aBn(x) =nB,_1(x),n=>1,

which is one of the reasons they are effective in approximation theory
(Abramowitz & Stegun, 1972), (Quarteroni, Sacco, & Saleri, 2007).

For problems defined on a general interval [a, b], @ mapping to the unit
interval is typically used:

Yvoe
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The shifted Bernoulli polynomials are then introduced as:

B:(x) = B, (z — Z) (4)

This transformation preserves the structure of the basis while making it
compatible with practical domains of boundary value problems (Canuto,
Hussaini, Quarteroni, & Zang, 2006).

2.3 Approximation by Truncated Expansion
A smooth function y(x) defined on [a,b] can be approximated by a

truncated Bernoulli expansion:
N

y() = ) 6 Bi) 5)

k=0

Where ¢, are unknown coefficients to be determined numerically. The
accuracy improves as the truncation degree N increases, and for smooth
problems, spectral-like convergence is often achieved (Boyd, 2001), (Li,
Zhang, & Wang, 2022).

2.4 OPERATIONAL MATRICES

A major advantage of using Bernoulli polynomials is that common calculus
operations can be expressed in terms of operational matrices, allowing the
differential equation to be reformulated into a system of algebraic equations:
1. Differentiation matrix:

d iy (6)
aB(x) ~ D B(x)

Where B(x) = [B§(x), Bi (%), ...,B5(x)]Tand D is the differentiation
matrix.
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2. Integration matrix:

ij(t) dt ~ P B(x)

(7)

With P being the integration matrix.

3. Product matrix:

Nonlinear terms such as y™(x) can be handled using product operational
matrices that represent polynomial products in the Bernoulli basis (Razzaghi
& Yousefi, 2000), (Fernandez & Gomez, 2023).

By employing these matrices, the differential equation is efficiently reduced
to a system of algebraic equations, which can then be solved with standard
numerical techniques. (Sharma & Verma, 2022)

3. Problem Statement and Model Class

3.1 GENERAL FORM OF THE PROBLEM

We focus on a class of second-order singular nonlinear differential
equations of the form:

y'(x) + %y’(X) +f(xyx)=00<x<1 (8)

subject to boundary conditions such as
y(0)=4,y(1) =
or in some cases mixed conditions involving y'(0).
Here, a is a parameter that controls the strength of the singularity, and
f(x,y) as a nonlinear function of the unknown y(x).
3.2 NATURE OF THE SINGULARITY:

e When a > 0, the coefficient % creates a regular singular point at x = 0.

e In many physical models, the solution remains bounded near x = 0, but the
derivatives can be strongly affected.

¢ This makes classical finite difference or shooting schemes less effective, as
they cannot capture the behavior around the singularity without very fine
grids (Stoer & Bulirsch, 2002), (Ascher, Mattheij, & Russell, 1988).
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3.3 EXAMPLE MODELS
Several well-known nonlinear singular equations can be expressed in this
framework:

¢ Lane—Emden equation (astrophysics):

144 2 ! ! 9
'@ +IY @y @ =0y =1y@=0 &
e Thomas—Fermi equation (atomic physics):
" y2 ( )
y'(x) =—=,y(0) =1, y(x) =0 (10)
N
e Bratu-type equations (combustion and diffusion):
1
17 Ayt y(x) —
y (x)+xy (x) + e 0 a1

These models highlight the diversity of singular problems that arise in
science and engineering, and they serve as benchmark problems for testing
new numerical methods (Chandrasekhar, 1967), (Thomas, 1927), (Bratu,
1914).

3.4 CHALLENGES IN NUMERICAL TREATMENT
The main computational challenges include:
« Handling the division by zero risk near the singularity.
« Ensuring stability and convergence of the scheme when nonlinear terms
are strong.
« Constructing numerical solutions that are both accurate near the singular
point and efficient over the whole domain. (Ahmad, Khan, & Malik, 2021)
Spectral and operational matrix approaches, such as the Bernoulli method
developed in this work, are particularly well-suited to overcome these
difficulties (Lanczos, 1988).
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4. Methodology: Bernoulli Operational Matrices Method

4.1 EXPANSION OF THE SOLUTION

The first step in the Bernoulli operational matrix approach is to approximate
the unknown function y(x) by a truncated series of shifted Bernoulli

polynomials:
N

y() = ) 6B(x) = ¢'B() (12)

k=0

Where ¢ = [cy,cq,...,cy]T is the vector of unknown coefficients and
B(x) = [By(x), B (%), ..., By (0)]".

This converts the problem of solving a differential equation into finding the
vector ¢ (Maleknejad & Hashemizadeh, 2004).

4.2 Representation of Derivatives and Integrals

Using the operational matrices defined in Section 2, the derivatives of the
approximation can be expressed as

y'(x) = ¢"DB(x),y" (x) ~ €' D?B(x) (13)

Where D is the Bernoulli differentiation matrix. Similarly, integration can be
written in terms of the integration matrix P.

This matrix representation allows the substitution of all derivatives and
integrals in the singular nonlinear differential equation by simple algebraic
forms (Sezer, 2001).

4.3 TREATMENT OF NONLINEAR TERMS

If the equation involves nonlinear terms such as y?(x) or e¥™®), these are
approximated by product or functional matrices. For instance,

y?(x) = (c"B(x))* = c"M(c)B(x), (14)

Where M(c) is the product operational matrix that depends on c. For
strongly nonlinear functions such as e¥™), iterative schemes like Newton’s

YvAa
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method or quasi-linearization are employed (Lakshmikantham & Trigiante,
1988).

4.4 DISCRETIZATION VIA COLLOCATION:

To determine the coefficients ¢, the approximate solution is enforced to
satisfy the differential equation at a finite number of collocations points
{x;}_,. These nodes are typically chosen in the interval [0,1] (after
mapping) to achieve stability and accuracy. Substituting the expansions into
the governing equation yields a nonlinear algebraic system:

F(c) = 0.

This system can then be solved using iterative solvers such as Newton—
Raphson (Deuflhard, 2004).

4.5 BOUNDARY CONDITIONS

The boundary conditions are imposed directly on the approximation. For
example, for conditions y(0) = A and y(1) = B, one obtains two linear
constraints on the coefficient vector c. In cases where derivatives are
involved (e.g., y'(0) = 0) the operational matrices are used to impose the
conditions consistently (Bramble & Schatz, 1971), (Xu & Liu, 2020).

4.6 ALGORITHM SUMMARY

The method can be summarized in the following steps:

1. Choose a truncation degree N and construct the Bernoulli basis.

2. Build the differentiation, integration, and product operational matrices.

3. Expand the solution y(x) as a Bernoulli series.

4. Substitute the expansions into the differential equation.

5. Apply boundary conditions to reduce the system.

6. Solve the resulting algebraic equations for the coefficients c.

7. Reconstruct the approximate solution and evaluate error metrics.

This structured process transforms the original singular nonlinear problem
into a manageable algebraic problem, allowing efficient computation (Lin
& Li, 2008).

4.7 NOVEL ASPECT OF THE PROPOSED APPROACH:

Traditional operational matrix techniques often rely on Chebyshev or
Legendre expansions, which can be computationally heavier due to basis
transformations and conditioning issues. In contrast, the present formulation

YA



\

At idag Print -ISSN 2306-5249
J O B S = ?JM‘ O;I'::e ISSN 2791-3279
== Journal of Basic Suence Qs g Y Al

::_,,q“y LVEEV/aY Yo

\

_/

shows that the Bernoulli basis produces accurate results with lower
polynomial degrees, reducing both the algebraic system size and
computational cost.

Furthermore, the product operational matrix is explicitly constructed to
handle nonlinear terms such as y™(x) in singular equations, enabling direct
treatment of Lane-Emden and Bratu-type models without auxiliary
linearization schemes. This combination of efficiency, stability near
singular points, and reduced complexity distinguishes the present BOM
framework from earlier implementations.

5. Numerical Implementation

5.1 OVERVIEW OF THE PROCEDURE

The Bernoulli operational matrices method reduces the original singular
nonlinear differential equation into an algebraic system. To make the method
practical, we implement it in a step-by-step computational algorithm. The
implementation can be carried out in MATLAB or Python, since both
environments provide efficient linear algebra libraries. The key steps are:

1. Select the polynomial degree N (the number of Bernoulli basis functions).

2. Generate the shifted Bernoulli polynomials on [0,1].

3. Construct the differentiation and integration matrices.

4. Formulate the nonlinear algebraic system using the operational matrix
approach.

5. Apply the boundary conditions.

6. Solve the resulting system iteratively (Newton’s method or fixed-point
iteration).

7.Reconstruct the approximate solution and evaluate it on a grid for
visualization.

5.2 PSEUDOCODE OF THE ALGORITHM

Input: Degree N, boundary conditions, tolerance tol Output : Approximate
solution y(x(

1. Construct shifted Bernoulli basis B(x) on [0,1[

2. Compute operational matrices:

3. -Differentiation matrix D - Integration matrix P

YA
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4. Initialize coefficient vector ¢ (e.g., zeros or initial guess(

5. Build nonlinear system F(c) from the equation

6. Repeat

a. Evaluate F(c(

b. Compute Jacobian J(c(

c. Update ¢ «— ¢ - J(c)(-1) * F(c(

7. until ||F(c)|| < tol

8. Reconstruct solution:

9.y(X) =c"T * B(x(

10.Plot solution and compute error metrics if exact solution exists

5.3 IMPLEMENTATION NOTES

. Initialization: A good initial guess for coefficients is important, especially
for nonlinear problems. A constant or linear approximation often suffices.

« Stopping criterion: Iteration is stopped once the residual norm falls below
a predefined tolerance (e.g., 1078)

. Stability: Choosing an appropriate basis size N is crucial. Too small N
may give inaccurate results, while too large N can cause ill-conditioning.

« Computation: For moderate N (10-20), the method is computationally
inexpensive, since it only requires solving small algebraic systems.

6. Results and Discussion

6.1 TEST PROBLEMS

To illustrate the efficiency of the Bernoulli operational matrices method, we
apply it to standard singular nonlinear models. Examples include Lane—
Emden type problems and Bratu-type problems, which are frequently used as
benchmarks in the literature. Each test problem is solved using the proposed
algorithm, and the approximate solutions are compared with exact or highly
accurate reference solutions where available.

6.2 IMPLEMENTATION CODE
The method was implemented in Python (equally possible in MATLAB).
The implementation follows the pseudocode in Section 5.

YAY
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# ommmmmmmmmmm e e e e e e
# Bernoulli Operational Matrices (BOM) for a Singular Nonlinear
ODE

# Example: Lane-Emden (m=2): y'' + (2/x) y' + y*2 = 0, y(0)=1,

y' (0)=0

# Domain: [0, 1]

#

# Colab-ready, single file. Produces exactly three figures:
# Fig 1: Approx vs Reference

# Fig 2: Absolute Error

# Fig 3: Convergence vs Basis Size

H=

import numpy as np
import matplotlib.pyplot as plt

# Utilities: Bernoulli numbers and polynomials

def bernoulli numbers (N) :

Compute Bernoulli numbers B 0..B N via the Akiyama-Tanigawa
algorithm.

Returns array B where B[k] = Bernoulli number B k.

A = np.zeros((N+1, N+1), dtype=float)

for m in range (N+1) :

A[m,0] = 1.0/ (m+1.0)
for j in range(l, m+1l):
Alm,3] = (A[m-1,3-1] - F*A[m-1,3])/ (m+1.0)
B = np.array([A[m,m] for m in range (N+1l)], dtype=float)
# Enforce the canonical Bl = -1/2 (numerical stability)
if N >= 1:
B[1] = -0.5

return B

def bernoulli poly coeffs (N, Bnums=None) :

wun

Coefficients of Bernoulli polynomials B n(x) in the monomial

basis:
B n(x) = sum {k=0}"n binom(n, k) B k x*{n-k}.
Returns a list [cO, cl, ..., cN], where cn is (nt+l)-length

arr (highest degree n).
cn[d] corresponds to coefficient of x*d (d=0..n).
if Bnums is None:
Bnums = bernoulli numbers (N)
coeffs = []
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Figure 1: Approximate vs Reference Solution (Lane-Emden m=2)

0.92 4

——— “—— BOM (N=14)

B0 . Reference (RK4)

0.0

0.2 0.4 0.6 0.8 1.0
X

Figure 1Exact vs. Approximate Solution

« A line plot comparing the computed solution with the known
exact/reference solution.
« This shows how closely the method matches the true behavior.

1 Figure 2:

e A plot of the absolute error | Yexaet(x) — Yapprox (X) | across the interval.

e Highlights where the method is most accurate and how it handles the
singular region.
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e A graph of error norm (e.g., L* or L?) vs. number of basic functions N.
e Demonstrates the spectral convergence of the Bernoulli method.

Figure 3: Convergence with Basis Size

=
o

4
1

Max error {«<-norm)

Figure 2 Convergence with Basis Size

6 8 10 12 14 16
Basis degree N

6.5 DISCUSSION

From the numerical results, several observations can be made:
« The method produces accurate solutions with only a moderate number of
basic functions.
. Increasing the basis size improves accuracy rapidly, indicating
convergence of the spectral type.
« The error near the singular point is controlled effectively, showing that the
Bernoulli basis is well-suited to singular problems.
« Compared to classical discretization techniques, the computational cost is
low, since the method reduces to solving relatively small algebraic systems.
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These findings confirm that the Bernoulli operational matrices method is a
practical and efficient tool for solving singular nonlinear problems.

6.6 ERROR ANALYSIS AND CONVERGENCE

To verify the accuracy of the Bernoulli operational matrices method, we
computed both the maximum error norm (L., ) and the root-mean-square
error (L,) for different numbers of basic functions N. The test problem is the
Lane—Emden equation with m = 2

Table 1. Error norms for different N.

N Lo, Error L, Error

6 3.1x107* 2.5%x107*
8 1.7%107° 1.1x107°
10 2.8x1078 1.9x 1078
12 5.2 % 10710 3.6 x 10710
14 9.0 X 10712 6.4 x 10712

These results confirm that the BOM approach achieves spectral
convergence: the error decreases by several orders of magnitude as N
increases. Even with = 10, , the method already reaches an accuracy of order
1078, while at N = 14 the error is close to machine precision.

6.7 COMPARISON WITH CHEBYSHEV COLLOCATION

To assess the effectiveness of the Bernoulli operational matrices (BOM)
method, we solved the same Lane—-Emden test problem using a standard
Chebyshev collocation scheme on [0,1] . Both implementations use Newton
iterations on the nonlinear algebraic system with identical stopping criteria
and were executed on the same environment. For fairness, boundary
conditions and grids were handled consistently, and the error was evaluated
against a high-resolution reference solution on a dense grid.

Table 2. Accuracy vs. basis size: BOM vs. Chebyshev.
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(L : max absolute error on the dense grid; runtime is wall-clock seconds for
a full solve from a comparable initial guess.)

N BOM L, Chebyshev L, BOM Time (s) Cheb Time (s)
6 3.1x107* 7.4 %x107% 0.06 0.07
8 1.7 x 1076 3.2 x107° 0.08 0.10
10 2.8%x 1078 7.5 %x 1078 0.11 0.14
12 5.2 x 10710 1.6 x107° 0.15 0.20
14 9.0 x 10712 3.8x 10711 0.22 0.31

Observation. For the same N, BOM consistently attains a smaller maximum
error and slightly lower runtime. The gap widens at higher accuracy,
indicating that BOM reaches the spectral-accuracy regime with fewer basis
terms.

Table 3. Minimal basis size to reach a target accuracy.

Target L, | BOM: minimal N || Chebyshev: minimal N || Relative Basis Reduction
10°° 8 9 ~ 11%fewer
1078 10 11 ~ 9% fewer
10-10 12 13 ~ 8% fewer
Discussion.
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« Efficiency: BOM achieves a given accuracy with 1-2 fewer degrees than
Chebyshev in this test, leading to smaller linear systems and reduced
runtime.

. Stability near the singularity: Both methods are stable with proper
handling of the x = 0 neighborhood, but BOM shows slightly tighter error
envelopes as N increases.

. Practical takeaway: For applications seeking 1078 — 10719 accuracy,
BOM provides a leaner basis and modest speedups without additional
implementation complexity.

Reproducibility notes. The Chebyshev comparison used Gauss—Lobatto
nodes mapped to [0,1] with polynomial degree N enforced the same
boundary conditions as BOM, and employed identical Newton tolerances
and damping. The dense grid for error evaluation was the same in both runs.

6.8 COMPLEXITY AND COMPUTATIONAL COST

An important aspect of evaluating a numerical scheme is its computational
efficiency. The Bernoulli operational matrices (BOM) method combines
polynomial approximation with linear algebra operations, and its complexity
can be analyzed in two main stages:

1. Matrix construction.

o The differentiation, integration, and product matrices are built once.

o This requires approximately O(N?) operations, negligible compared to
iterative solves.

2. System solution.:

o At each Newton step, solving the nonlinear algebraic system of size
(N + 1) involves a Jacobian assembly and a linear solve.

o The linear solve scales as O(N?3), but since N is typically below 20 in
practice, this cost is very small.

Table 4. Runtime scaling with basis size.

N System Size Newton Iterations Runtime (s)
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N System Size Newton Iterations Runtime (s)
6 7x7 5 0.06
8 9x9 5 0.08
10 11 x11 6 0.11
12 13 x 13 6 0.15
14 15 x 15 7 0.22

These results confirm that the runtime grows slowly with N and remains far
below one second for all tested cases. The method therefore achieves high
accuracy at negligible computational cost.

Comparison to Chebyshev collocation. For identical accuracy, Chebyshev
required one additional basis term and around 30% longer runtime (see Table
2), confirming that the Bernoulli basis is slightly more efficient in practice.

7. Conclusion

In this study, the Bernoulli operational matrices (BOM) method was
employed for solving second-order singular nonlinear differential equations.
By expanding the solution in shifted Bernoulli polynomials and using their
operational matrices, the original differential problems were reduced to
manageable algebraic systems.

The numerical implementation demonstrated several clear outcomes. With
only N = 14 basis functions, the method achieved a maximum error of order
10~°, confirming its capability to deliver highly accurate solutions even in
the presence of singularities. The convergence analysis further showed that
the error decreases rapidly with increasing N, consistent with the spectral
accuracy expected from polynomial-based approaches.

Ya.



&

At idas Print -ISSN 2306-5249
J O B S = ?JM‘ 0;:?:9 ISSN 2791-3279
== Journal of Basic Science sy e s

:L_,_q“y LVEEV/aY Yo

\

_/

A comparative experiment with Chebyshev collocation indicated that the
Bernoulli basis requires fewer terms to achieve the same accuracy, resulting
in reduced computational effort. This efficiency highlights the advantage of
using the Bernoulli framework for singular problems where stability and
accuracy are critical.

Overall, the results validate BOM as a reliable and efficient tool for
nonlinear singular models. The method’s simplicity of implementation,
combined with its accuracy and low cost, makes it suitable for practical
applications in physics and engineering. Future extensions may focus on
fractional-order differential equations, multi-dimensional systems, and
adaptive basis selection strategies to further enhance performance.
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