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Abstract:

Dynamic systems arise in a variety of domains, including economics,
physics, biology, and engineering, In addition to random phenomena. As a
result, stochastic differential equations are an important mathematical tool
for modeling dynamic systems in various fields. In this study, we examined
the linear (transformation) reduction method, which transforms some non-
linear stochastic differential equations(SDEs) into linear ones using Ito's
integrated formula, and subsequently identified the analytical solution. We
utilized the maximum likelihood estimation method to estimate the
parameters, reflecting the realistic data of the HIV prevalence rate in the
Arab world from 1990 - 2022. We study the time series of Human
Immunodeficiency Virus (HIV) prevalence in the Arab world from 1990 -
2022, utilizing non-linear models such as SDE models . Maple software was
used to compare the outcomes.

Keywords: stochastic differential equation(SDE) , Reducible, Ito's integral
formula, maximum likelihood estimation method.
1- Introduction :

The Basic principles for modeling in science, engineering, and
mathematics are deterministic models and stochastic differential equations
(SDEs). It is possible to utilize more accurate differential equation models to
solve more challenging issues as computing power rises. Two things might
cause a model to be stochastic: either the data calibration suggests it is, as in
financial mathematics, or when basic microscopic laws are coarse-grained,
they produce stochastic behavior, similar to molecular dynamics in biology,
chemistry, and materials science(Oksendal, 2013, p.62). Statistical
mechanics commonly accounts for fluctuations by introducing a stochastic
component into the deterministic differential equation. In statistical
mechanics, it is common to introduce a stochastic term into a deterministic
differential equation in order to account for fluctuations(Oksendal, 2013,
p.62). A SDE is a type of differential equation that includes one or more
stochastic processes as terms and has a solution that is also stochastic. Any
undesired signal that contributes to the data is referred to as noise . In
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dynamical systems, noise is typically regarded as an annoyance . In the SDE,
noise is the most significant factor (Gelbrich and Rémisch, 1995,p.103-104).
If a differential equation model is created, it is ideally possible to obtain an
exact solution for the given physical phenomenon . However, this is
typically not possible, even for ordinary differential equations (Mortensen,
1969,p.271-296).

2- Stochastic calculus:

Numerous physical applications require the treatment of random
quantities that depend on a parameter. This phenomenon is known as
Brownian motion. A parameter influences a random variable that determines
the position of the Brownian particle for each coordinate (Mortensen, 1969
p.271-296). A stochastic process X;(w), provided as a family of random
variables {X.(w):t€T,w € Q}, is defined on the probability space
(Q,¢, P), where P is the probability measure defined on all elements of Q,
and ¢ is a c-algebra of its subsets (Mortensen, 1969 p.271-296).

Stochastic calculus is a discipline of mathematics focused on studying
stochastic processes It allows for the development of a consistent theory of
integration for the integrals of stochastic processes in comparison to other
stochastic processes(Rezaeyan and Baloui , 2013,p.63). The Wiener process
is the most well-known stochastic process to which stochastic calculus is
applied. Ito calculus and Stratonovich are essential components of stochastic
calculus. The Ito calculus applies calculus techniques to stochastic
phenomena, including Brownian motion. Below is the definition of an
integral:

f f(O)dt = 11mna+oo2 1f(T])(
1)

where the value of 7; is between [¢;,t;,,] . Have the Riemann-Stieltjes
integral more broadly:

f f(t)dt - 11rnn—>+ooz: 1f(T]) (g( +1) - g(tj))
(@)

The limit of the smooth measure g(t) converges to a unique value,
regardless of the specific value of z; within the interval [t;, ;,4].
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The Ito and Stratonovich calculus follows the same rules as for the regular
Riemann-Stieltjes calculus. (Cyganowski, 2001,p.241). If we take the lower
end point of the partition [t;,t;,,], We have the Ito integral, but the
Stratonovich case results if we select the midpoint %

Let t, =0<t; <t,<--<t,=T be a partition of the interval [0,T]
andd = max(t; —t;_,) . The Ito integral fOTh(t,Xt)th represents the
limit in the quadratic mean .
T .
fo h(ti Xt)th = 11m5n—>0 271'1=1h(1-i—1' XTi_l)(Wti 7 Wti—l)

©)

If the integrand z is jointly measurable and
Jy EQAGs, X)[Pds < o
(4)

The probability limit in equation (2) is known as the stochastic integral. The
definition of the Stratonovich integral is

T . X‘L'i_ +X‘L'l'
fO ’h’(t; Xt) ° th = llmsn—>0 Z?:lh(ri—lf :; )(Wti - Wti—l)
(5)

The existence of the Stratonovich integral in equations (3) is contingent upon
the continuity of the function £(t, X;) in t and the continuity of its partial
derivatives (see (Oksendal, 2013,p.64)- (Rezaeyan , Farnoush and
Jamkhaneh ,2011,p.35-41)) . Moreover

In addition to the Ito integral's existence constraints, the existence of the
Stratonovich integral in (3) requires the /4 (t, X;) function to be continuous in
t and have continuous partial derivatives (see (Oksendal, 2013,p.21-30)-
(Rezaeyan, Farnoush and Jamkhaneh ,2011,p.35-41) ). Moreover

[ A, Xe) 0 AW, = [ A(L X)W, + [ g(t, X) 2 (¢, X )dt

(6)
or, equivalently(Mortensen, 1969,p.271-296)

#A(t, X)) odW, = A(t, X,)dW; + = g(t Xt) (t X, )dt
(7)

Consider a stochastic differential equation
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dX, = f(t,X)dt + g(t, X;)dW;

(8)
In this case, W; is a p-dimensional Brownian motion process, often known as
a Wiener process, and f, g and t are vector valued functions, n X p matrix
valued functions . The process X, represents the solution to the SDE (6) for
all tin the interval [0, T].
Furthermore, we assume that X, is distribution is well-known and unaffected
by W, . The Stratonovich interpretation of (6) is expressed via an explicit
several-dimensional formula .

X, = f(t,X)dt + g(t, X,) o dW,

(9)

Where

f&.X) = f(tX) +5%0_ T 16
(10)

Stochastic differential equations use the Ito integral and the Stratonovich
. The . In this paper we study SDEs solved using Ito's formula integral
following is a SDE :

= f(t'Xt) + g(t;Xt)ft rXO = Xy ,t = 0
(11)

where &, stands for a generalized stochastic process, f stands for the
deterministic part, and gé&, for the stochastic part (Oksendal, 2013,p.26-37)-
(Mortensen, 1969,p.271-296) .

White noise is an illustration of an extended stochastic process. It is possible
to define derivatives of any order for a generalized stochastic process (Evans
, 2012,p35-36) . Let us assume that W; is a generalized Wiener process that
is employed to simulate the fluctuations in the prevalence of HIV in the Arab
world.

With feature W,~N(0,t),(0<t<T) , a Wiener process is a time-
continuous process that is typically practically never differentiable. The
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definition of white noise &, iIs & = % (Oksendal, 2013,p.36) . An Ito

stochastic differential equation can be recast as follows if we swap out dW;
for é.dt in equation (11) :

dX, = f(t, X)dt + g(t, X,)dW;

(12)

where X; is the solution that we attempt to find using the integrating factor ,
and f and g stand for the drift and diffusion terms, respectively (Rezaeyan
and Baloui , 2013,p.65).

2-1 Reducible Stochastic Differential Equations (Gelbrich and Rémisch,
1995, p.113):

By employing the suitable substitution X, = U(t,Y;) , specific nonlinear
SDEs:

dYt = a(t, Yt)dt + b(t, Yt)th
(13)

can be reduced to a linear SDE in X;

dX; = (a1 (D)X + a(8))dt + (b1 (D)X, + by (1))dW;
(14)

If g—z(t, y) # 0, the inverse function theorem ensures the existence of a

local inverse y=V(tx) of x =U(t,y) , that is with x =
U(t,V(t,x))andy = V(t,U(t,y)) . Asolution Y,

of (13) then has the form Y, =V (t, X;) where X; is given by (14) for
appropriate coefficients a, , a, , b, and b, . from the Ito formula

ou au 1 262U au
du(t,Y;) = E-l—agi'zb 6_}12 dt+bEth

where (t,Y;) is the evaluation point for the coefficients and partial
derivatives . A linear SDE of the form (14) corresponds with this if

ihh
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(t y) +af(t, y)—(t y) +- bz(t y) (t y) =a; (DU, y) + ay(t)
(15)

and

b(t, y) (t y) = b ()U(L, y) + by (¢)
(16)

There is not much else that can be stated that is clear-cut or precise at this
level of generality . Specializing to the case where a,(t) = b,(t) = 0 and
writing a, (t) = a(t) and b, (t) = L (t) we obtain from (15) the identity

2

92U ) 1 92U
(y)———<a(ty) ty)+ = bz(ty)—(ty)>

dtdy dy
and, from (16), the identities

0
5 (b(t 95 y))

2

20U
b(t,y) 55~ (t y) + (t y) (t y) = B'(®)

Assume for now that b(t, y)#0. Then, ellmlnatmg U and its derivatives
we obtain

and

) BT 1 ob a(t )\, , 19%
B'®) = BB gacsy 5e BV = ay(,)(t'y)) #352 (09)

Given the left hand side's independence from y, this implies

dy

where

1 (ty) 10b
y(ty) =50 )at( y) — b(t, )ay<z(t§)—55(t,y)>
(17)

This is a sufficient condition for the reducibility of the nonlinear SDE (13) to
the explicitly integrable SDE

¢
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dX, = a(t)dt + B(t)dW;
(18)
through the modification x = U(t,y) . It can be found from (15) and (16),

which reduce to in this particular instance .
2

Yty +at )Lt 9) + 2626 2L (6,) = a(®)
gg oY) T ALYIG ALY TG B L Y G LY =

and

au
b(t;y)E(t;y) = lg(t)

resulting in
= oUsyisyas) [~ 1
U(t,y) =C e%o Jo b(t,y)dz

Where C is an arbitrary constant in this case. We note that other linear SDESs
can also be reduced to stochastic differentials of the form (18) using this
method .

It is possible to reduce a nonlinear autonomous SDE using a variation of
this process.
dY; = a(Y)dt + b(Y,)dW;
(19)
to the autonomous linear SDE

dX; = (a1 X; + ay)dt + (b1 X + by)dW;
(20)

through X; = U(Y;) , a time-independent transformation . Here, the identities
(15) and (16) have the following form :

a(y)— )+ bz(y) (y) =a,U(y) +a,
(21)
and
b(») 5 () = bU(Y) + b,
(22)
Assuming that b(y) # 0 and b, # 0, it follows from (22) that
U(y) — Ce(blB(y)) _I;—Z
(23)

¢y
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where
Y ds
B(y) = . b(s)
and the constant C is arbitrary. This expression can be substituted for U(y) in (21) to
obtain
(blA(y) + %bf - al) Ce®1BOD = q, — alz—j
(24)
where
a(y) 1db
AG) = gr5=57=0)

Differentiating (24), multiplying the result by (b(y)e(®:E®))/b,  and then
differentiating again, we get

dA d dA
b+ (be) =0
(25)
This is certainly satisfied if % =0 orif

A (A
i(dy(dAdy)) i O

dy O
(26)
provided b, is chosen so that
& (5 24)
o= _dy\dy)
1= dA
dy

If b; # 0 the appropriate transformation is
U(y) = Ce(180)
(27)
whereas if b; = 0 it takes the form
U(y) =b,B(y) + C
(28)
where b, is chosen so that (22) is satisfied .
3-Model Identification:
The time series of prevalence of HIV in Arab world for the years 1990-
2022 will be studied, as shown in the figure (1) .
Figure(1) : prevalence of HIV, total (% of population ages 15—49)

¢ Y
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The time series for the prevalence of HIV, total (% of population ages
15-49), in the Arab World is seen in the above image to be increasing and
decreasing erratically. This suggests that non-linear SDEs may be used .

4- Parameter Estimation for Stochastic Differential Equations :

It is aimed to present the parameter estimation techniques which are vital

for SDE in this part. Stochastic Differential Equation having form of

dX; = f(t, Xs; 0)dt +

9(t, X; 0)dW, (29)

is used to model the problem in our study. That is, we try to model the
change in our variable with respect to time by using this equation. In this
equation & € R is unknown parameter vectors . There is an assumption that
Xo, X1, X5, ..., Xy are observance of X, and they are observed in the equally
distributed times t; = iAt for i = 0,1,...,N where At = T/N . In this
study, the core idea is to estimate the 8 vector by using data to model the
problem in which we are interested . In this section, the maximum likelihood
estimation method is presented (Allen , 2007,p.118) .
4-1 A maximum likelihood estimation method:

Given the vector 0, let p(ty, xx|tr—1,Xk—1;60) denote the transition
probability density of (ti,x;) beginning from (t;_4,x,—1) . Assume that
po(x,|8) represents the density of the initial state . In maximum likelihood
estimation of 6 [(Dennis, 1991,p.115-143), (Colombo, 2013) , (Hurn,
2003,p.45-63)], the joint density
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D(6) = po(xk|6) np(terkltk—lrxk—1; )

Is increased throughout 8 € R,, . This section will use the notation 6* to
represent the value of 6 that maximizes D(6). Nevertheless, it is more
practical to minimize the function L(8) = —In(D(0)) using the
following form in order to avoid small numbers on a computer :

L(©®) = =In(poGiel6)) = ) N (b, Xelteor, X1 0))

The fact that the transition densities are not well understood is one
challenge in determining the ideal value of 8* . However, by considering the
Euler approximationto (29) and letting Xy, = xj_; att = t,_4, then

Xe, = X—1 + [ (=1, Xk—1; )AL + g(Ex—1, Xp—1; 0)VAtn,
Where 1, ~N(0,1) . This implies that

1 (X — )
p(E, Xpe | t—1, X1 0) = > €Xp ( 2
\ 21O}, 20;,

Where uy, = x4_1 + f(ti—1, Xp_1; 0)At and oy, = g(ty_1, Xp—1; OVAL .
You can replace this transition density in the expression for L(8), and then
minimize it over R™ . Now, the second challenge is to minimize L(6) in
order to get the best vector 8*. This is a nontrivial computation . For
calculating the minimum of L(8), the Nelder-Mead technique (Leader,
2004,), a numerical optimisation procedure, may be useful. . The Euler
formula was used in the aforementioned technique to approximate the
transition densities . As explained in (Hurn, 2003,p.45-63), one can
approximate the transition density p(ty, xx |tix—1, Xx—1; @) through simulation
as an alternative to utilizing Euler's formula . First, one can solve (29)
numerically for a given value of 6 by beginning at x;_, and ending at t;_; .
One or more steps of a typical approach, like Milstein's or Euler's, can be
applied . To get M estimated values y;,y,,...yy for X, at t =t; , this
calculation is performed M times. Observe that the Wiener increments,
which were kept in order to find y,,y,, ... vy . For every tested value of 0,

¢.0
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the same Wiener increments are used to find y,, y,, ... v at t, . This makes
the task of determining the ideal value of 8* deterministic . Next,

M
1 X — Vi
(M) . 0) = — J
p (tklxkltk—llxk—li 9) Mhzlk )
]=
Is used to estimate the transition density p(tx, Xx|tx—1, Xx—1; 0) . Where h is
a bandwidth and K is a nonnegative kernel function. A sensible bandwidth h

and kernel K are (Hurn, 2003,p.45-63):

K(2) _Fexp( )andh_09sM 1/5

Where

M 2

1 " amp
e fS 1 (3

provides the sample standard deviation formula. Next, one reduces

LOD(0) = ~In (poCxgl®)) = D T ()t xilti-1, %15 6))

to find an approximation to the optimal value 6~ .
5- Modeling:

Figure (1) shows that the time series behaves increasing and decreasing in
a non-linear manner, which leads us to use stochastic differential models or
equations with limits of non-linear functions. Several mathematical models
will be applied after finding them and estimating their parameters. An
analytical solution will be formulated using the reduction method.
The first model: The nonlinear SDE
dX, = 0.X,(1 — X,)dt + 0, X, dW;

3+)
Where X, is the prevalence of HIV, the initial value, X, = 0.10089,
represents the first reading of the diffusion rate for this model. The average

prevalence of HIV in the Arab world is given in Table 1 for 33 consecutive
years. The model parameters (6, and 8,) will be estimated by the maximum

¢
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likelihood estimation method . The following estimates will be obtained
while estimating the parameters of the SDE of Equation (30) using the
maximum likelihood method:

0, = <;2> <Z33 (1- X])(;:] —Xj- 1)) — 0.0188

2;21(1—)(]-) At j

33 —X 2

0, = JZZZ%((Z_;’)) = 0.1621
So the model obtained in this application is
dX; = 0.0188X;(1 — X;)dt +
0.1621X,dW, (3))
To find the general solution of Equation (3V) by the reducible method .
where a(t,X;) = 0.0188X;(1 — X;) and b(t,y) =0.1621X; , so A=
0.0348 — 0.116X; . Thus (25) is satisfied with any b, . For b; = —0.1621
and b, = 0 a solution of (1-22) is U = —0.1621X, by (27) . Substituting
this into (21) results in a; = 0.0188 and a, =0.003 . From the linear
equation

dYy = (a1 (t, )X + az(t, Y))dt + (by (¢, Y) X, + by (8, Y))dWy)
where X, = Y, !
The general solution to the SDE of equation (3}), obtained by the reduction
method, is

fe
+0.0188 [ fds

X = T
Xo
where

f, = (0.0057t—-0.1621W})
The second model: The nonlinear SDE
dX, = 0, X7dt +
0, X.dW,
(3Y)
Where X, is the prevalence of HIV, the initial value, X, = 0.10089,
represents the first reading of the diffusion rate for this model. The average
prevalence of HIV in the Arab world is given in Table 1 for 33 consecutive

¢y
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years. The model parameters (6, and 8,) will be estimated by the maximum
likelihood estimation method . So N = 33 and t = 1, Equation (33) is the
result of estimating the parameters of the SDE for Equation (32), using the
maximum likelihood estimation approach .

333 (G-

ERECETS =0.2519

1=

At
=1 __0.8071

(33)

So the model obtained in this application is
dX, = 0.2519X2dt +
(—0.8071) X, dW, (34)
To find the general solution of Equation (3¢) by the reducible method .
where a(t, X,) = 0.2519X7 and b(t,y) = (—0.8071)X,,s0 A = 0.8071 —
0.3121X; . Thus (25) is satisfied with any b; . For b; = 0.8071 and b, = 0
a solution of (22) is U = 0.8071X, by (27) . Substituting this into (21)
results in a; = 0.6514 and a, = —0.2519. From the linear equation

dYy = (a1 (t, Y) X + az(t, Y))dt + (by (¢, Y) X, + by (8, Y))dWy)
where X, = Y, !
The general solution to the SDE of equation (3¢), obtained by the reduction
method, is

2531)(] -Xj_ 1—61X2

2331(X j—180)

2=

o{(=0.3257t-0.807 1w}
Xi=

X, — 0.2519 f(;‘ o{(=0.3257t-0.8071w} dg

6- Comparison between the proposed models:
The optimal model for representing the time series of the prevalence of
HIV in the Arab world was examined by calculating the prediction accuracy

of the suggested model.

Table(1): Data on the prevalence of HIV in the Arab world with prediction values
the two models resulting from

Model | Model | Yea HIV Model | Model | Yea HIV Model | Mode
Year | HIV 1 2 ‘ 1 2 r 1
199 | 0.1008 | 0.1009 | 0.1008 | 200 | 0.1044 | 0.1040 201 | 0.1025 | 0.1023 | 0.102
0 9 1 9 1 2 8 0.1019 2 3 1
199 | 0.1008 | 0.1007 | 0.1009 | 200 | 0.1043 | 0.1045 | 0.1019 | 201 | 0.1025 | 0.1024 | 0.103

¢ A
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1 9 2 8 2 9 1 9 3 5 6 01
199 | 0.1018 0.1010 | 200 | 0.1043 | 0.1040 | 0.1020 | 201 | 0.1025 | 0.1022 | 0.103
2 1 0.1016 7 3 7 3 8 4 9 8 1
199 | 0.1018 | 0.1017 | 0.1011 | 200 | 0.1043 | 0.1042 | 0.1021 | 201 | 0.1026 | 0.1020 | 0.103
3 4 5 6 4 5 1 7 5 3 7 19
199 | 0.1018 | 0.1017 | 0.1012 | 200 | 0.1043 | 0.1038 | 0.1022 | 201 | 0.1034 | 0.1030 | 0.103
4 5 1 6 5 3 1 7 6 1 8 28
199 | 0.1027 | 0.1022 | 0.1013 | 200 | 0.1042 | 0.1040 | 0.1023 | 201 | 0.1034 | 0.1028 | 0.103
5 5 2 5 6 9 2 6 7 4 4 38
199 0.1022 | 0.1014 | 200 | 0.1042 | 0.1040 | 0.1024 | 201 | 0.1034 | 0.1031 | 0.103
6 0.1027 9 4 7 5 4 5 8 6 1 47
199 | 0.1035 | 0.1033 | 0.1015 | 200 | 0.1033 | 0.1032 | 0.1025 | 201 | 0.1034 | 0.1028 | 0.103
7 6 5 3 8 8 5 4 9 7 4 56
199 | 0.1035 | 0.1034 | 0.1016 | 200 | 0.1033 | 0.1031 | 0.1026 | 202 | 0.1035 | 0.1029 | 0.103
8 5 7 2 9 6 1 3 0 1 7 66
199 | 0.1044 | 0.1042 | 0.1017 | 201 | 0.1033 | 0.1032 | 0.1027 | 202 | 0.1035 0.103
9 3 5 1 0 6 4 3 1 5 0.1034 75
200 | 0.1044 | 0.1040 201 | 0.1033 | 0.1030 | 0.1028 | 202 | 0.1035 | 0.1033 | 0.103
0 4 2 0.1018 1 6 2 2 2 7 1 85

Figure(2): Graph of two models with a data curve
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We observe that the first model fits the data better than the second model.
We used the mean absolute percentage error (MAPE) to confirm the best
model. It is used to measure the accuracy of prediction for different models
or for different times. This is calculated by using :

model 2 prevalence of HIV model 1 |
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MAPE= —(

where 4; is the observed value, F; is the model's predicted value, and k is the

number of observations. In (Frechtllng , 2012), Table 2 provides
interpretations of various MAPE values .

Table (2): Interpretation of MAPE values

Value Interpretation
MAPE < 0.1 Perfect forecast
0.1 < MAPE < 0.2 Good forecast
0.2 < MAPE < 0.5 Reasonable forecast
MAPE > 0.5 Imperfect forecasting

After finding the absolute relative error rate for the two models (31) and
(34), We note that the absolute relative error rate for model (31) is equal to
0.9081, and the absolute relative error rate for model (3¢) is equal to 0.2716.
That is, model (34) achieves reasonable forecasts that are better than model
(31). That is, the second model is better for modeling data on the prevalence
of HIV in the Arab world.

7- Conclusion:

Stochastic differential equations are characterized by the fact that they
consist of two parts: the first deterministic term part represents the
deterministic term, and the second part represents the stochastic or random
part. This stochastic term makes it difficult to know the nature of the
behavior of the function over a long period of time or the path taken by the
function represented in the form of the SDE. Therefore, most researchers
resorted to developing and creating relationships and theories deduced from
ordinary differential equations. Before starting the reduction process, it was
confirmed whether the nonlinear SDEs were reducible to linear SDEs or not,
using some special theories in this field derived from Ito's integral formula.
The conversion to linear equations was obtained, through which the
analytical solution can be found precisely. In the applied aspect of estimating
model parameters, the maximum likelihood estimation method was used.
This was done by studying the time series of the prevalence of HIV in the
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Arab world, and two models of SDEs were applied. The second model was

more efficient than the first model .
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