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Construction the linear codes for planes intersection using the
frame points in PG (3,2)
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Abstract:

The aim of the research is to Constructing linear codes [[n,x,y]] _h-
code (where n the length and x dimension y distance) for the intersection
of the planes in the projective space PG(3,2) where it contains fifteen planes
.y the intersection of the planes with each other, we obtain 105 projective
lines each containing three points which we denote by the symbol S_i where
1=1,...,105 ,by taking the wunion of each S i with the frame points
F={[1,0,0,01,[0,1,0,01,[0,0,1,0],[0,0,0,1],[1,1,1,1]} we obtain new planes,
denoted by the symbol C i, where i=1,2,...,105. Using the resulting points
to form a generator matrix,105 linear codes were constructed Show that 29
has parameters [[6,4,2]] _2-code, 37 has parameters [[7,4,2]] _2-code,
18 has [[8,4,4]] _2-code, 12 has [[8,4,2]] _2-code, and 9 has [[7,4,3]
] _2-code. Rigorous application of the Griesmer bound demonstrated that
all 105 of these codes are optimal linear codes.

Keywords: Projective space; PG(3,2); projective frame; binary linear codes;
generator matrix; Griesmer bound

Introduction

Gokpinar (2010) mentioned that A simulation study on decoding of binary
linear codes using projective geometry PG(3,2).Hirschfeld (1998) mentioned
that planar projective geometry over finite fields has attracted the attention
of many scientists. Al-Seraji (2012) also noted several works that establish
relationships between projective geometry and coding theory. Two papers
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were very important in establishing the connection between the projective
plane of order 17 and error correction codes. In one of these papers, that of
Al-Seraji (2012), the focus was on optimal codes. AL-Zangana (2012)
presented a classification of some concepts and tools for notation theorems.
The classification of concepts and tools for coding theory was presented by
Hill (1986), while Al-Seraji and Easa (2023) were responsible for the
construction of linear codes in PG(1,31).

Previous studies have explored the relationship between projective geometry
and symbol theory in numerous mathematical problems. Among the most
important of these constructs are bounded projective spaces, including the
projective space PG(3,2), which consists of a finite set of 15 points, 35 lines,
and 15 planes. There are also five points, three of which are not collinear.
This set of five points is called a frame and is denoted by Let F = {[1,0,0,0],
[0,1,0,0], [0,0,1,0], [0,0,0,1], [1,1,1,1]}. points, lines, and planes connected
by specific geometric relationships. PG(3,2) is suitable for this type of study
due to its finite and clear structure, allowing for the study of its points,
planes, and intersection relationships. The intersection of two different
planes in PG(3,2) produces a projective line containing three points. This
structure can be used to construct point compositions and represent them
using appropriate matrices, thereby building two-dimensional linear symbols
and studying their properties. This research aims to construct a set of linear
symbols by representing the resulting points as matrices for generating and
constructing the linear symbols from them. It also includes studying the
resulting symbol parameters, determining their minimum distance, and
verifying their optimality based on the Griesmer Bound.

Definition 1( Hill ,1986):

If T;and T, are sets we define the union T; U T, of T;and T,to be the set of
all elements in either T; or T,. We define the intersection T; N T,of T; and
T,to be the set of all elements which are members of both T; and T,. thus
TUT,={a€T,ora€eT,},;T;NT, ={a €T, and a € T,}

Definition 2 (Radhi & AL-Zangana , 2023):

A generator matrix of a linear [n, x, y],, — code C is x X n matrix over finite
field, it is denoted by G.
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Theorem 3 (AL-Zangana & Shehab , 2021):
A projective 3-space PG(3,h) satisfies the following:
A) Every line contains exactly h + 1 points and every point is on exactly

h + 1 lines.
B) Every plane contains exactly h* + h + 1 points (lines) and every point is

on exactly h* + h + 1 planes.
C) There exist h® + h? + h + 1of points and there exists h®+h?+h +
1 of planes.

D) Any two planes intersect in exactlyh + 1 points and any line is on
exactly h + 1 planes, and any two points are on exactlyh + 1 planes.

Theorem 4 (Yahya, 2014) :The points of PG(3,h) have unique forms which
are [1,0,0,0], [v, 1,0,0], [v, w, 1,0], [v, w, z, 1], for all v, w, z in GF(h).
Theorem 5 (Khalaf & Yahya , 2023):

Let Cbe a[n,x,y]q code. Thenn =gq(x,y) = [ ] A Linear codes

attaining the Griesmer bound, linear codes with parameters [8q(x,¥), %, ¥]q
are called Griesmer codes.

1. The PG (3, 2).

In PG (3, 2), the projective space of three dimensions and order 2, has 15
points, 35 lines and 15 planes, the points in PG (3, 2):

1=[1,0,0,0],m,=[0,1,0,0],m5=[0,0,1,0],m,=[0,0,0,1],ms=[1,1,0,0],m¢=[0,
1,1,0],
m,=[0,0,1,1],mg=[1,1,0,1],my=[1,0,1,0],m,,=[0,1,0,1],,m,;,=[1,1,1,0],
m;,=[0,1,1,1], m,5=[1,1,1,1], m,,=[1,0,1,1], m;5=[1,0,0,1] }, the five
points such that no four of them on a line (collinear) which called the frame
and its denoted by F = {m; , m, , mg , m, , m;3}

It is obvious that space contains a table of lines and plans and a table of
planes now we will create a table for the planes and planes that will be
obtained according to the following equation: a;b; + a,b, + azb; +
asb, = Owhen m; = [a,, ay, az, a,] and mj = [by, by, b3, b,]

Table 1:Points of planes in PG (3, 2).
oYY
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Tl 5 Tl 4 Tl 3 Tl 2 Tl 1 Tl 0 T9 T8 T7 T6 T5 T4 T3 TZ Tl
2 2 5 1 4 1 2 3 1 1 3 1 1 1 2
3 7 6 6 5 3 4 5 2 4 4 2 2 3 3
6 8 7 7 6 8 9 | 10| 5 6 5 3 4 4 4
8 9 9 8 8 9 10 | 11| 7 (11| 7 5 5 7 6
13 11 10 | 10 9 10 | 11 | 12 | 12 | 12 | 8 6 8 9 7
14 12 | 13 | 11 12 (12 (13 14|13 |13 |11 | 9 [ 10| 14 | 10
15 IS | 15|14 (14|13 |14 (15|14 (15| 13|11 [ 15| 15| 12

m; is points and T; is planes
2. intersection of planes

We take the first plane of Table No. 1 that intersects with the planes and
denoted by the result of the intersection as S; i =1, ...,

51=T10T2

,S53=T;NT,

,55=T10T6

,S7 =T, NTg

105 , for example
,So =Ty N Ty

,$11 =T, NTy, ,S35=T;,NT,, , and so on for the rest of the planes.
Through the intersection, we obtain 105 projective lines each containing
three points ,as shown in Table No. 2.

Table 2:intersection of planes

Points of S; Points of intersection S;
intersection planes planes
{24,10}f S, =T;NT; 347} S;=TNT,
{347} S, =TyNTs {236} S3=T;NT,
{2,712} S¢=T,NT, {46,124 Ss =T, N T,
{2,4,10} Sg=T, NT, {3,10,12}} S, =T, NTg
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{4,6,12}| S;o =Ty NTyy {3,10,12}| So=T; NTy,
(6,7,10}] S, =T, N Tys {6,7,10}] Sy =T, N T,
(23,6} S;, =T, N T (2,712} S5 =T, NTy
(139} Sic=T,NT, (14,15} S;s=T,NT;
(14,15} S;g=T,NT, 347} S, =T,NTs
(314,15} S,p =T, N Ty (1,714} S;o=T,NT,
{1,3,9}| Sz, =T, NTy {49,14}| S, =T, NT,
{1,7,14}| S, =T, N Ty, {4,9,14}1 - S, =T, NTyy
{7.9,15}] Sp6 =T, NTyy {7.9,15}|  Sy5 =T, N Ty3
{1,2,5} Syg=T3NT, {3,14,15}| S, =T, NTys
(14,15} Sy =TsNT, (458} S,o=TyNTs
{5,10,15}| S5, = T3 N Ty (125} S;;=TsNT,
{1,8,10}) Ss, =Ts N Ty (2410} S;s=T:NT,
{1,8,10}] Sge = Ts N Ty, (458 Si;c=TsNTy
(2,8,15}] S35 =Ts N Ty (5,10,15}| Sy, =Ty N Tys
(35,11} S, =T,.NT: (2,8,15}]  S3o = Ts N Tys
(125} Siu=T,NT, (1,611} S, =T,NT,
2911} S, =T,NT, (3511} Sia=T,NTs
{5,609} S4e =Ty NTyy {1,3,9}| S4s =TaNTyy
(5,691 Sug =T, NTys (1,6,11}| S,, =T, NTyy
(2,3,6}] S =T, N Tys (29,11} Su0=T, N Ty,
(57,13} Se, =T:NT, (411,13} Sy =T NT,
(411,13} Se, =T NT, (3511} Ses=ToNTg
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{4,5,8} Seg = Ts NTy, {3,8,13}| Scc =T NTy
(5713} Seg = Ts N Tys (7811} Sey = Ts N Toy
{3,8,13}| Sgo = Ts N Tys {7,8,11}| Scg =Ts N Ty,
(112,15} Sgp = Ty N Ty (112,13)] S =T, NT,
(1,12,13}] Sgs = T N Ty (411,13)] Ses =T, N T,
(1,611} See = T, N Ty (4.612)] Ses=TeN Ty,
(11,12,15)] Seg = Te N Ty (6,13,15] Sg; =Te N T,
G214 S, =T,NT, (613,15} Seo = T N Tyo
(12,13) S;, =T, N Ty 2,13,14)] S, =T,NT,
(1714} S, =T, N Ty (5,12,14)] S,; =T, N Ty,
2712} Sye=T, N Ty, (5713} S,s=T,N Ty
(10,11,14}] S;g=TaN Ty 213,14} S, =T, N Ty
(512,14} Sgo = Ts N Toyg (310,12}] S,o =Ty N Ty
(510,15} Sgp = Tg N Ty3 (10,11,14)] Sgy =Ty N Ty,
(314,15} Sgy = Ty N Tys (T1,12,15}] Sgs = Ty N Tig
(49,18} Sg =T, N Ty, (910,131 Sgs = To N Ty
(9,1013})] Sgg = Ty N Tys (10,11,14}] Sgy =Ty N Ty,
(213,14} Sgp = To N Tys 20,11} Sgo =T, N Tyy
{1,8,10}| Sg; =Tyo NTyy {8,9,12}|  Sg; =Tyo N Tyy
18.9,12} Sgy = Tyo N Tig {9.10,13  Sgg = Tyo N Trs
{6,8,14}| Sg¢ = T;; N'Ty, {3,8,13}| Sgs = Tyo N Tys
{8,912} Sgg =Ty; N Tyy {5,6,9} So7 = Ty1 N Ty3
{6,7,10} Sy90 = T2 N Ty {6,8,14}]  Sg9 = Ti; N Tys
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{6,8,14}] Sy92 = T12 N Tys {7,811} S101 =Tiz N Ty
{6713515} SlO4 =Tz N Tis {7’9915} S103 =Ti3N Ty

{2,8,15}| Si95 = T4 NTis

3. S; of union of the with Frame

We take the S; of Table No. 2 that union S; with the frame , F = {1,2,3,4,13}and denoted
by the result of the union as C; i = 1,...,105, for example C; = S; U F = {1,2,3,4,7,13}

as shown in Table No. 3.

Table 3: S; of union of the with Frame.

C S;UF Ci SiUF
i=246,..,104 |i=246,.,104| i=135.,105 |
=1,3,5,...,105
{1,2,3,4,10,13} ¢, S,UF {(1,2,3,4,7,13}] ¢, SiUF
{1,2,3,4,7,13} C, S,UF {1,2,3,4,6,13}] C; S3UF
{1,2,3,4,7,12,13} C, SgUF {1,2,3,4,6,12,13}| Cs SsUF
{1,2,3,4,7,13} Cq SgUF {1,2,3,4,10,12,13}| ¢, S,UF
{1,2,3,4,6,12,13} C,o Saodl E {1,2,3,4,10,12,13}| C, SqUF
{1,2,3,4,6,7,12,13[C,, S, UF {1,2,3,4,6,7,10,13}{ C;; |  S;;UF
}
{1,2,3,4,6,13}{Cy, S;z3UF (1,2,3,4,7,12,13}{ C;3 | S;,UF
{1,2,3,4,9,13}{C6 SicUF (1,2,3,4,13,15}[ C;s |  SisUF
{1,2,3,4,13,15}/C,4 SigUF 1,234,713} C;, | S, UF
{1,2,3,4,13,14,15/C,, SyoUF {1,2,3,4,7,13,14}| C1o |  SoUF
b
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{1,2,3,4.9,13}C,, Sy, UF 123491314}/ C,, | S, UF
(1,2,3,4,7,13,14}(C,, Syu UF (1,23.4.9,13,14}| Cps | S, UF
(1,2,3,4,7.9,13,15/C, Syo UF (12,3,4,7.913,15}{ Cps | Sy UF
}
{1,2,3,4,5,13}{ Cpq Syg UF 123,4,13,14,15}{ C,, | S,;UF
{1,2,3,4,13,15}| Cs, S UF (1,23,458,13} Cyo| SyoUF
{1,2,3,4,5,10,13,1/C5, Sy UF (1234513} Csy | Ss UF
5}
{1,2,3,4,8,10,13}{ C4, SiuUF (1,23,4,10,13}| Cs5 | S UF
{1,2,3,4,8,10,13}| Cs¢ SigUF (123,458,13}| Ca5 | SssUF
{1,2,3,4,8,13,15}| Cag SigUF {1,2,3,4,5,10,13,15 C3; | Ss;UF
}

{1,2,3,4,5,11,13}C,q SwUF {1,23,48,13,15}| C3g| SsoUF
(1,2,3,4,5,13YC,, Sy, UF (123461113} C,; | S, UF
(1,2,3,4,9,11,13}[C,s Sy UF (123451113} Cps| S;sUF
{1,2,3,4,5,6,9,13}C,c Sy UF (1234913} Cps | SisUF
{1,2,3,4,5,6,9,13} Cpq Sig UF {1,234,6,11,13}| Cpy | S;7UF
{1,2,3,4,6,13} Csp SsoUF (12349,11,13}| Cio |  SioUF
{1,2,3,4,5,7,13}| Cs, S, UF (123411,13}[Co; | S UF
(1,2,3,4,11,13}Cs, Se, UF (1234511,13} Cos | Sz UF
{1,2,3,4,5,8,13} Cs¢ Seq UF (1234813} Cos | Ses UF
(1,2,3,4,5,7,13} Csg Seg UF (123,47811,13}{ Cs; | Ss;UF
{1,2,3,4,8,13} Cqp Seo UF (1234781113 Coo | SeoUF
(1,2,3,4,11,12,13/C,, Ses UF (1,234,12,13}[Co; | S UF
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{1,2,3,4,12,13} C, Ses UF {1,2,3,4,11,13}| Cg5 Sz UF
{1,2,3,4,6,11,13}{ s Sec UF {1,2,3,4,6,12,13}{ Cgs Ses UF
{1,2,3,4,11,12,13|C,q Seg UF {1,2,3,4,6,13,15} Csy | Sg; UF
15}
{1,2,3,4,5,12,13,1C,, S, oUF {1,2,3,4,6,13,15} Coo | SeoUF
4}
{1,2,3,4,12,13}{C, S, UF {1,2,3,4,13,14} C,, S, UF
{1,2,3,4,7,13,14}(C,, S,uUF {1,2,3,4,5,12,13,14] C,4 S,sUF
}
{1,2,3,4,7,12,13}{ C,¢ S,s UF {1,2,3,4,5,7,13}| C;s S;s UF
{1,2,3,4,10,11,13C,q S,gUF {1,2,3,4,13,14] C,, | S,,UF
14}
{1,2,3,4,5,12,13,1| Cg, Sgo U F {1,2,3,4,10,12,13}] C,q S;9UF
43
{1,2,3,4,5,10,13,1| Cg, Sgs UF {1,2,3,4,10,11,13,1] Cg, Sg1 UF
5} 4}
{1,2,3,4,13,14,15/Cg, Sgs UF {1,2,3,4,11,12,13,1| Cg5 Sgz UF
} 5}
{1,2,3,4,9,13,14}{ Cg¢ Sgs UF {1,2,3,4,9,10,13}{ Cgs Sgs UF
{1,2,3,4,9,10,13}{ Cgq Sgg UF {1,2,3,4,10,11,13,1| Cg;, | Sg; UF
43
{1,2,3,4,13,14}| Cop Sgo UF {1,2,3,4,9,11,13} Cgo Sgo U F
{1,2,3,4,8,10,13} Co, So; UF {1,2,3,4,8,9,12,13}| Cy, Se; UF
{1,2,3,4,8,9,12,13| Co, Soq UF {1,2,3,4,9,10,13}| Cos Se3 UF
}
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{1,2,3,4,6,8,13,14| Co, Sog UF (1,234,813} Cos |  Soc UF
}
{1,2,3,4,8,9,12,13| Cog Sog UF {1,2,3,4569,13} Co; | Soy UF
}
(1,2,34,6,7,10,13C00|  Si00UF  |{1,2,3,4,6,8,13,14}[ Cog | SegUF
}
{1,2,3,4,6,8,13,14C, S10o UF (1,2,3,4,7,8,11,13}C101| Si01 UF
}
{1,2,3,4,6,13,15}/C, 04 Si04 UF {1,2,3,4,7,9,13,15}C103| Si03 UF
{1925394a8913515} ClOS 5105 UF

4. Linear codes of C; ,i = 1,2,...,105

We take C;and put it in the form of a matrix. We notice that it is the generator matrix G

and we calculate x, n, and d through the matrix, for example ¢; = {1,2,3,4,7,13}

1 0 0 0 0 1
0 1.0 0 0 1
0 01 0 1 1
0 001 1 1
Xx=4,n=6,y=2
as shown in Table No. 4.
Table 4: Linear codes of C;
Generator matrix G| [n, x,y],| C; Generator matrix G| [n, x,y],| C;
— code — code
1 0 00 0 1 [6,4,2],| C, 10 0 0 01 [6,4,2],| C;
0 1.0 0 1 1 — code 0 1.0 0 0 1 — code
0 01 0 0 1 0 01 0 1 1
0 0 01 11 0 001 11

oy14
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— code

[7,4,2], | Cio
— code

[7,4,2]; | Cyy
— code

[7,4,2], | Cys
— code

[8,4,2],| Cys
— code

[7,4,2]; | Cyy
— code

|

1 0 0 0 0 1
01 0 0 0 1
0 01 0 1 1
0 001 11
1 0 0 00 1 1
0 1.0 00 1 O
0 01 01 11
0 001 1 11

|
|
|

|
|

1 0 0 00 1 1 1

1 0 0 01 1 1
01 00 0 1 O
0 01 01 11
0 001 0 11

1 0 0 01 11
0100 0 1O
0 01 01 11
0 0 01 0 11

|

0 1.0 00 0 1 O
0:=0 ~prfritip Auading
0 001 1011

|

|

1 0 0 01 11
0 1.0 01 0O
0 01 01 1 0
0 001 1 11

|

[6,4,2],| Cis
— code

[6,4, 2] | Cyo
— code

[6,4, 2], | Cy2
— code

[7,4,2], | Cys
— code

[81 4: 2]2 CZ6
— code

[6,4,2]; | Czg
— code

|
|
|

1 0 0 011
0100 1 O0
0 01 010
0 0 01 11
1 0 0 0 0 1 1

|
|
|

1 0 0 0 11
0 1.0 0 0 1
0 01 0 11
0 0 01 0 1

1 0 0 01 1
0 1.0 0 0 1
0 01 0 1 1
0 0 01 0 1

|

01 00 01 O
0 01 01 11
0 001 1 11
10 0 00 1 1 1

|

|

010 00 010
0770..1 Budutagant] po
0 001 1011

|

|

1 0 0 011
0 1. 0 0 1 1
0 01 0 0 1
0 0 01 0 1

|

\_

0¢)
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[7,4,2], | Cy
— code

[6,4,2], | Csq
— code

[6,4,2]; | Cs3
— code

[7,4,2], | Css
— code

[8,4,2], | C37
— code

[7,4,2]5 | Cs9
— code

[7,4,2]5 | C4q
— code

— — — o g — —
™ v = v v — O O v v
™ v = v v v v v v
O O ™ v o - O
—— oo O — O - o O -
- — oo - — oo —— o - oo o
coco - coc o - —— oo
coco o cocodo cocodH coco o
coHo co o coc oo
coHo coHo co o co o
oo o o-oo co o
oo o oo o o oo oo o
— o oo — o oo o oo
— o oo _ — - OO — o oo — o oo
o N < O [ee] o [N}
™ ™ ™ ™ ™ <+ <
O o () O () () (&)
[a\} [a\} N N N N [a\}
N3 N3 N3 N 3 ISEES ISEES N3
< 3 < 3 < 3 N < 39 < 39 < 8
O, L | S| ™~ | = L
™ v v v — - @ O v v
= — — —
O — O O - O ™ v o — - O
v v O = O — OO
O O O — - O O
coco o —— oo coco o
cocodH coco o coodH cocodH
co o coco - co o
co o co o co o co o
o-oo co o o-oo
o+ oo oo o o+ oo o+ oo
— o oo oo o — o oo
_ — o oo — o oo — o oo — o oo _
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— code

[6,4,2]; | C4s
— code

[7,4,2]; | C47
— code

[7,4,2]; | Cso
— code

[6,4,2],]| Csq
— code

[7,4,2]; | Cs3
— code

1 0 0 01 11
0100 1 11
0 01 00 1 1
0 001 0 0 1

|

|

1 0 0 0 1 1
01 0 0 0 1
0 01 0 1 1
0 001 01
1 0 0 00 1 1
01 00 1 1 1
0 01 01 11
0 0 01 0 01

|

|

|
|

|

1 0 0 01 11
01 00 0 1 1
0 01 01 11
0 0 01 0 0 1

|

1 0 0 0 1 1
e Oy 02 T 1
Q ~Q-gait(®p Aradi
0 001 01
1 0 0 01 11
0100 1 11

|

0010011‘
0 001 0 0 1

|

[7,4,2]5 | Caa
— code

[8,4,2]; | Cae
— code

[8,4,2], | Cyg
— code

[6,4,2];|Cso
— code

[71 4: 3]2 CSZ
— code

[6,4,2]; | Csa
— code

|

1 0 0 01 1 1
0100 0 1 1
0 01 01 11
0 001 0 0 1
10 0 01 0 11

|

|
|

01001101
0 01 00111
0 001 0 0 01

|
|

10 0 01 0 1 1
01001101
0 01 00 111
0 001 0 0 01

|

1 0 0 0 0 1
0 1.0 0 1 1
0 01 0 1 1
0 0 01 0 1

|

1
1
1

0
0
1

1
1
0

0

o o

0 001 0 1 1

|

- O O

|

|

1 0 0 011
0 1. 0 0 1 1
0 01 0 1 1
0 0 01 0 1

\_
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[7,4,2],|Cse
— code

[6,4,2], | Css
— code

[8,4,4], | Cs7
— code

[8,4, 4] | Cso
— code

[6,4,2], | Ce1
— code

[6,4,2]; | Ce3
— code

— code

|

1 0 0 0 1 1
01 00 1 1
0 01 0 0 1
0 001 11

10 000 1 1 1

|
|

0100 0 1 11
0 01 01011
0 001 1101

|
|

1 0 0 00 1 1 1
0100 0 1 1 1
0 01 01 011
0 0011101

|
|

1 0 0 0 0 1
01 0 0 1 1
0 01 0 1 1
0 00 1T 11

|

1 0 0 0 0 0 1

0100 1 11

1 0 0 0 1 1
O de Oy 03 T 1
Q <0 -doit@® Arai
0 001 01

0010111‘
0 001 0 11

|

[7,4,3]2|Css
— code

[6,4, 2] | Coo
— code

[8,4, 4], | Co2
— code

[61 4: 2]2 C64
— code

— code

|
|

1
1
1

1
1
0

1
1
0

0

o o

0 001 0 1 1

- O O

|

1 0 0 01 0 1
0100 1 01
0 01 0 0 1 1
0 001 0 1 1

|

1 0 0 011
0 1.0 0 1 1
0 01 0 0 1
0 0 01 1 1
10 0 01 0 1 1

|

|

01 00 1110
0 01 01 110
0 001 0111

|

o O O

S

0 0 01 11

(=)
S - O
A

o o

|

|

1 0 0 00 1 1
0100 1 1 1
0 01 01 11
0 001 0 0 1

|

\_

0¢¢
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[7,4,3]; | Cs7
— code

[7,4,3]2 | Ceo
— code

[6,4,2]; | C7y
— code

[8,4,4]; | Cy3
— code

[7,4,3]2 | Cys
— code

[6,4,2]; | Cyy
— code

[7,4,2]; | Cyq
— code

— — — O — —
= = ) S — o N —
— O v v v — O v
™ v = v v OO v O =
™ = v O = — v v
oo oo —— oo oo -
cocoo - —— oo coo -
coco o coco o co oo coco o
co o cocodo co o
coHo coHo co o co o
o-oo coHo oo o
oo o oo o o-oo oo o
— o oo oo o — o oo
— o oo — o oo e T — o oo _ — o oo
A, ~
3 2 N N N S 3
O O () O () () O
[a\} [a\} N N N N [a\}
+ 3 + 3 N3 N 3 ISEES + 2 + 3
< 8 < 3 < 3 <3 <3 < 3 < 3
L L O S| ™~ | o L
— o O - — O - —_— . W = — O — O -
— O v —
v — v — ™ v — v v ™ v o
™ v o O v
O = o O = o O v o - O O
oo - oo -
—_ O —-— oo co o - oo A —— oo
coco o coodH
coco - coco - co o coc o - coco -
coHo co o
coHo coHo o-oo co o coHo
oo o o+ oo
oo o oo o — o oo o+ oo oo o
T — — o oo — o oo
— o oo — o oo _ _ — o oo — o oo
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— code

[8,4,4]; | Cg3
— code

[7,4,3]2 | Cgs
— code

[8,4,4], | Cg7
— code

[7,4,2], | Cg
— code

[8,4,4]; | Coq
— code

— O v — O O — O v v v
v v v ™ v —
v v v ™ v = ™ v = O v
O - O - O
- O O = — - O — O - O
—o - o )
oo - —— - o oo - —— o -
cocoo - coc o«
coco - cocoo - coo - coco -
coHo co-HOo
co o coHo coHo co o
o—Hoo oHo o
oo o o-Ho o o-Ho o oo o
—oc oo - oo
"o 9 oSS = © < "o 9
& > 3 3 & &
() Q Q Q Q o
o [a\} N [a\} o o
ISEES N3 N3 ™ 3 ~N 3 ISEES
< 3 <3 < 3 s 8 N
2 = = S| o =
— O O — O v — v v
— v v — O v
— O v ™ v v O - O O — O
O - O ™ v =
v v — O - O - O - O O
- — oo coo -
coco - coco - coco - coco -
cocoo o coHo
coHo co o coHo co o
co o o-Ho o
oHo o oco—H oo oHo o oco—Ho o
oco—Ho o —“oc oo
— o oo — o oo — o oo _ — o oo
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[7,4,3], | Cys
— code

[6,4,2]; | Cos
— code

[8,4,2]; | Coy
— code

[8,4,4]; | Coq
— code

[8,4, 4], |Cio1
— code

[8,4, 2], |Cio3
— code

[7,4,2]; |Cios
— code

1
1
1

0
1
0

O O

S - O

0
0
0
0 001 0 11

|

|

1 0 0 0 1 1
01 00 1 1
0 01 0 0 1
0 001 11

1 0 0 01T 0 1 1

|
|
|
|

0100 1 1 01
0 01 00 111
0 001 0 0 01

|
|
|
|

10 0 00 1 11
0100 1 1 10
0 01 01011
0 001 0 1 11

10 0 00 1 11
01000111
0 0101 0 1 1
D0t B 25 lak O 1

10 0 00 1 1 1
0100 0 01O
0 01 01 110
0 001 1011

|

1 0 0 01 11
0100 1 1 O0
0 01 0 0 1 O
0 001 1 11

|

[8,4,4]; | Cos
— code

[8,4,4]; | Coe
— code

— code

[8,4, 2] |C100
— code

[8,4, 4] |C102
— code

[7,4,3]2|Cro4
— code

|
|
|
|
|

10 0 01 1 01
01001011
0 01 00111
0 001 1011

|
|
|

10 0 00 1 11
01 00 1110
0 01 01011
0 001 0111

10 0 01 1 01
01001011
0 01 00 111
0 0011011

10 0 0 00 01
01001011
0 01 01101
0 001 0111

|
|

10 0 00 1 1 1
01 0 0 1 1 10
0 01 01 0 11
0 0 0 1 0 +dad—sl

|

0

0
0 01 0110
0 001 0 1 1

—

o O

=l

— O

|

oLy
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5.We start testing the ideality of the codes by applying the (Griesmer

bound):

(1) {C;,C;,C3,C4,Ch4,Ch5,Ch6, Cig, Cop 5 Coz 5 Cag 5 (30, C31 5 (33,
Caz s Cs4s, Cs0,Cs1,Cs4, Cs5,Cop 5 Co1 5 Coz 5 Coa 5 G715 G725 G775, Cyg
, Cos } = [6,4, 2] — code

n=gh(xy) = L’Yl :

NETNERENE

= 4 1s optimal linear code

(2) { C5 3C6 3C7 9C8 9C9 9C10 3613 s Cl7a C19 ’ CZl 3623 ’ C24 ’ CZ7 ’ CZ9 ’
C34 ’ C35 > C36 ’ C38 ’ C39 ’ C4-0 > C41 ’ C43 > C44 ’ C47 59 C49 > C53 ’ CS6 > C65
» Co6 » C74 , C76 ,C79, Cga , Cgg » Cgo , Coz , C1os = [7,4, 2], — code

x—1

n=gy(xy) = Z [ﬁ,l

Ll 2l e

= 4 is optimal linear code

(3) { C11 ,C12 ,C5,Ch6 ,C32 ,C37 ,Cag 5 Cag, Cgp , Co7 ,Cro0 > Cro3}
= [8,4,2], — code

x—1

n=gu(xy) _Z[f}l’l

ol [l + 2+ 2+

= 4 1s optimal linear code

(4) { C57 s C59 9C62 ’ C68 s C70 s C73 s C78 ’ C803 681 ’ CS3 ’ CS7 ’ C91 C94 ’ C96
,Cog » Cog , C101 , C102 } = [8,4,4], — code

O¢A
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x—1

n=gyxy) = Z [}i
ol = [l el 2]+ T2

= 8 is optimal linear code
(5) 1 Cs2,Cs5,C67,Co9, Cy5, Cgs , Cgg , Co3, Cro4 $=[7,4,3], — code

x—1

n=gy(xy) = Z [}i
ol Bl 2]

= 6 is optimal linear code

Result
Group| [n,x,y]n — code |Griesmer bound Status
1 { Cl 5 Cz ,C3 o C4_ 5 C14_ 5 ClS [6, 4’, 2]2 — code Verified Optlmal
, C16 > C1g, Co0 > Coz 5, (g linear code

C30 B C31 D C33 B C4-2 5 C4-5 9
CSO s 651 ) CS4 5 655 5 C60 9
C61 ” C63 s C64 99 C71 9 C72 9

C77 H C90 s C95 }

[\

{Cs,Cq ,C;,Cq,Cq ,Cio| [7,4,2], —code Verified  Optimal
, Ci3 5 Ci7, Cig , 1, Co3 linear code]
C24 s CZ7 H CZ9 H C34 s CBS 9
C36 s C38 H C39 H C40 s C41 9
C43 H C44 H C47 L) C49 s 653 9
C56 s C65 H C66 s C74 H C76
9C79 H C84 s C86 s CS9 s C92 )

Cios }

{ Cs7 ,Cs9 ,Ce2, Cog » C70[[8, 4, 4], — code Verified  Optimal

(98]

0¢1
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, C73 , Crg , Cgo, Cg1 , Cg3 linear code
,Cg7 » Cop Cos ,Cog
,Cog 5 Co9, C101 , Cr02 }
gt Ci1,Ci2 ,Ca5,C26 ,C32)  [8,4,2]; — code Verified  Optimal
, C37 , Cae » Cag, Cgy 5 Co7 linear code]
, C100 > C103}
5{ Cs2 ,Csg ,Cs7,Ce9 ,Css| [7,4,3], — code Verified ~ Optimal
, Cgs , Cgg , Co3, Cp4 } linear code
Conclusion

Based on a study of plane intersections in projective space defined over the
binary field (field 2), 105 linear codes were constructed and classified into
five groups according to their parameters [n, x, y], — code :

Group 1: 29 with parameters[6,4, 2], — code

Group 2: 37 has parameters [7, 4, 2], — code

Group 3: 18 has [8,4,4], — code

Group 4: 12 has [8,4, 2], — code

Group 5: 9 has [7,4, 3], — code

Furthermore, a precise application of the Griesmer bound demonstrated that
all these resulting codes are optimal linear codes.
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