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ABSTRACT

This paper gives a finite-kernel procedure for extracting presentations of
finitely generated sub-acts of finitely presented right acts. For a tuple
b = (b4, ..., b)), We use the canonical map m,:FE, > A and its kernel
congruence K,(b). We prove that B = (b, ..., b,;,)s IS finitely presented if
and only if K,(b) is finitely generated, and we derive a finite-kernel
characterization of right coherent monoids. We also formulate finite equation
tests for purity and a rewriting criterion for extracting defining relations. A
numerical maintenance-state model computes the kernel, a finite
presentation, and the risk totals before and after maintenance. The results
turn abstract coherency statements into an explicit verification procedure.

Keywords: monoid; right act; sub-act; right coherent monoid; purity; finite
presentation; kernel congruence; rewriting system.

¢AT



\

Gsra Yy Cualad) axml)

( .
- R i Print -ISSN 2306-5249
J O B f ; v Al ?JM‘ ddas Online-ISSN 2791-3279
= Journal of Basic Science

\

= LAYV EEA/ AT YN

Qo
&

_/

1. INTRODUCTION

Let (S, 1) be a monoid. A right S-act is a nonempty set A, equipped with an
action AxS—A, (a,s)~as, which has the following properties:

al = a, a(st) = (as)t
Yet finite generation and finite presentation are severe natural structural
conditions for monoids that are non-additive versions of right modules. The
monoid M is called right coherent if every finitely generated sub-act of every
finitely presented right S-act is finitely presented (Gould, 1992). This field of
mathematics now brings together finite systems of equations, purity,
congruence finiteness, covers, flatness, and rewriting.

Recent contributions include the purity characterization of coherency (Yang
& Gould, 2023), separability and congruence-chain conditions for acts
(Miller, 2022; Khosravi & Roueentan, 2024), injectivity and factorization
methods (Stepanova, 2023; Li & Zhu, 2023), covers and exact flatness
(Zhang & Zhao, 2024; Rasouli & Aminizadeh, 2025), and coherency results
for weak, transformation, and partition settings (Brookes et al., 2025; Dasar
et al., 2025). Rewriting methods supply a complementary route to explicit
relations (Meha, 2023).

The practical difficulty is that coherency guarantees a finite presentation for
a generated sub-act but does not automatically display its relations. Suppose

A=(X1|R)s, B =(by, ..., by,)s < A.
The procedure developed below starts from the canonical map F,, — B,
computes its kernel congruence, and reduces finite presentability to finite
generation of that kernel. The same language also records finite obstructions

to purity and the relation-extraction step in rewriting arguments. Section 7
gives a fully worked numerical model.

2. PRELIMINARIES AND MOTIVATING EXAMPLES

Throughout the paper, S denotes a monoid with identity 1, and all acts are
nonempty right S-acts (Kilp et al., 2000). For Y € A, write (Y)s = YS for the
sub-act generated by Y. The free right act on a set X is
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Fy =XXS, (x,s)t = (x, st).
A right congruence p on Fy is an equivalence relation such that (u,v) € p

implies (ut,vt) € p for every t € S. If R € Fy X Fy, then (R) denotes the
right congruence generated by R, and

A=(X|R)s means A = Fx/(R).

The act is finitely presented when both X and R are finite (Miller & Ruskuc,
2019).

Definition 2.1. A monoid S is right coherent if every finitely generated sub-
act of every finitely presented right S-act is finitely presented.

Definition 2.2. A monoid S is weakly right coherent if every finitely
generated right ideal of S is finitely presented as a right S-act.

Example 2.1. Let S = {1, m} with m? = m. Since S is finite, Theorem 5.1
shows that it is right coherent, and hence weakly right coherent by
Proposition 5.2. Its principal right ideal mS = {m} has the finite presentation

mS = (e | em = e);.

Let B < A. A finite system of equations over B consists of equations in
variables x4, ..., x,, of the forms

XS = xjt, x;s =Db,

where s, t € Sand b € B.

Definition 2.3. The sub-act B is equationally pure in A if every finite
system of equations over B that has a solution in A also has a solution in B
(Yang & Gould, 2023).

Example 2.2. Let S =(t)={1,tt? ..} be the free monoid on one
generator, and let A = {a, b, c} with at = b, bt = ¢, and ct = c. The sub-act
C = {c} is pure because the map r:A > C, r(a) =r(b) =1r(c) =c, is a
retraction. In contrast, B = {b, c} is not pure: the equation xt = b has the
solution x = a in A, but no solution in B. Thus, this single equation is a
finite purity obstruction.
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3. THE FINITE-KERNEL METHOD
Let A be aright S-actand letb = (b4, ..., b,,) € A™. PutE, ={1,..,m} xS
and define
T[b!Fm - A, Tl'b(i, S) = biS.
Its image is B = (b4, ..., b;;; )5, and its kernel congruence is
K,(b) = kermy, = {((i,s), (j, 1)) € F X En:bs = bjt}.
Hence the quotient theorem gives
E,/K,(b) =B
Theorem 3.1 (Generator-kernel criterion). The sub-act B = (b4, ..., b;,)s

is finitely presented if and only if K,(b) is finitely generated as a right
congruence on F,,.

Proof. Suppose first that K,(b) = () for a finite set 2 € F,, X E,,. Then

B = E,/K,(b) = E, /(2),
so B has the finite presentation (ey, ..., e, | 2)s.

For the reverse implication, assume that B is finitely presented. Since
by, ..., b, generate B, finite Tietze transformations give a finite set 2 <
E,, X F, and an isomorphism

¢:E, /() > B
that sends the class of (i,1) to b; (Miller & Ruskuc, 2019). If q:F,, =
E,, /{(2) is the quotient map, then m;, = ¢ o q. Because ¢ is injective,
K,(b) = kerm, = kerq = ().
Thus, the kernel congruence is generated by the finite set 2.

Now let A = (X | R)s be finitely presented. For a finite tuple of terms
T = (74, ..., Typ) IN Fy, define

K,(t) = {((l u), (j, v)) € E,, X E,: [ij] }.
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Theorem 3.2 (Finite-kernel characterization). For a monoid S, the
following conditions are equivalent:

(i) S isright coherent.

(i1) For every finite presentation A = (X | R)s and every finite tuple T of
terms in Fy, the congruence K, () is finitely generated.

Proof. Assume (i). The sub-act generated by [7{]4, ..., [T;m]a IS finitely
generated inside the finitely presented act A, so it is finitely presented.
Theorem 3.1 makes K, () finitely generated.

For the reverse implication, assume (ii), let A be finitely presented, and let
B <A be generated by b,,...,b,. Choose terms t; representing b;.
Condition (ii) makes K,(t) finitely generated, and Theorem 3.1 makes B
finitely presented. Hence S is right coherent.

3.1 FINITE EQUATION TEST

To extract a presentation, one seeks a finite set 2(t) € E,, X E,, satisfying
N() S Ky(t) and K,(7) S (R(1)).

The first inclusion is soundness: every proposed relation is valid in A. The

second is completeness: every equality among generated elements follows

from the proposed finite relations. Normal forms, critical pairs, finite
automata, or direct right-congruence calculations may be used for this step.

4. PURE SUB-ACTS AND FINITE OBSTRUCTIONS
For a finite system X' (x, B), Definition 2.3 says exactly that solvability of %
in A implies solvability of the same system in B (Yang & Gould, 2023).
Theorem 4.1 (Purity calculus). Let S be a monoid.
(@ IfC<B<A,CispureinB,and B is pure in 4, then C is pure in A.
(b) Every retract sub-act is pure.
(c) If B;ispurein A; forevery i € I, then [];¢; B; is pure in [[;¢; 4;.

(d) If {B;: A € A} is directed, each B, is pure in A, and B = U, B,, then B
IS pure in A.
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Proof. Part (a) follows by transferring a solution first from A to B and then
from B to C. For (b), apply the retraction coordinatewise to a solution; it
preserves the action and fixes the constants. For (c), solve the system in each
coordinate and combine the coordinate solutions. For (d), only finitely many
constants occur, so directedness places all of them in one B, ; purity of B;_

gives a solution in B.

A finite purity obstruction for B < A is a finite system over B that is
solvable in A but not in B. Thus B is pure in A exactly when no such
obstruction exists. The equation xt = b in Example 2.2 is an explicit
obstruction.

Proposition 4.2 (One-variable kernel test). Let B = (b4, ..., b,;;,)s < A. The
system

xS; = bg,t; 1<i<r)

has a solution in B if and only if there are k € {1, ..., m} and u € S such that

((k, us;), (al-,tl-)) € K,(b) aA<i<r).
Proof. If x = bju, then the equations are equivalent to byus; = by, t;, which

is exactly the displayed kernel membership. The converse follows by reading
the same equivalence in reverse.

5. COHERENCY CONSEQUENCES
Theorem 5.1. Every finite monoid is right coherent.

Proof. If S and X are finite, then Fy, = X X S is finite, so every finitely
presented right S-act is finite. Each finite sub-act B is finitely presented: take
one generator x,;, for each b € B and the finite relations x,s = x,, forb € B
and s € S. Therefore, every finitely generated sub-act of every finitely
presented act is finitely presented.

Proposition 5.2. If S is right coherent, then S is weakly right coherent.
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Proof. The right regular act Sg = (e | @) is finitely presented. Every finitely

generated right ideal is a finitely generated sub-act of S, hence is finitely
presented.

The converse fails in general: weak right coherency only tests right ideals,
whereas right coherency tests generated sub-acts in all finitely presented acts
(Brookes et al., 2025). Weak right coherency is controlled by right ideal
Howson behavior and finitely generated annihilator congruences (Carson &
Gould, 2021; Dasar et al., 2025).

Proposition 5.3. For s € S, define
ps ={(u,v) €S X S:su =sv}.

Then sS = S/p, as right S-acts. If S is right coherent, then p, is finitely
generated.

Proof. The map 6,:Sg — sS, 85(u) = su, is surjective and has kernel py, so
the quotient theorem gives sS = S/p.. Under right coherency, the cyclic
sub-act sS < S is finitely presented; Theorem 3.1 then makes its kernel pq
finitely generated.

6. REWRITING-COMPATIBLE PRESENTATION EXTRACTION
Assume that A = (X | R)g has a rewriting procedure with unique normal
forms. Write p U g when the normal forms of p, g € Fy coincide. Then

K,(t) = {((i, w), (j, v)): Tiu l v}
A finite set 2 € F,, X E,, is a finite transition basis for t if K,(t) = (2).
Theorem 6.1 (Rewriting extraction criterion). Let B = ([T1]4, -, [Tm]4)s-
If rewriting produces a finite transition basis (2, then
B = (61, e @m | ‘Q)S

Proof. The equality K (t) =(2) and Theorem 3.1 give the stated
presentation.
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A convergent system decides equality, but finite kernel generation still
requires finite derivation control. This is the substantive completeness step in
rewriting-based coherency arguments (Squier, 1987; Meha, 2023).

7. NUMERICAL MAINTENANCE-STATE MODEL
Consider a weekly record for 12 industrial pumps. Each pump is classified as
healthy (H), warning (W), or failed (F). Let

S ={1,m}, m? = m,
where 1 means “no intervention” and m means “complete maintenance and
reset.” Define the right action on A = {H, W, F} by
Hm = H, Wm = H, Fm = H.

Because applying the reset twice has the same effect as applying it once, this
iIs a right S-act. The following fully specified data are used for the
calculation.

Table 1. Weekly pump-state record and risk calculation

State Pumps Afterm Risk per pump Total risk
H 5 H 0 0
w 4 H 1 4
F 3 H 3 9

Total 12 12 healthy 13

The pre-maintenance total and mean risk are

_ 13
Ro=5(0)+4(1)+3(3) =13, Ry=;~ 1.083.

After applying m, all pumps are in state H, so R; = 0. The action changes
the states of 4 + 3 = 7 pumps, which is
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7
— X 100% =~ 58.3%.
17 00% =~ 58.3%

Now take the generating tuple b = (W, F). Its generated sub-act is

B = (W,F)s = {W,F,H} = A.
The free act F, has four elements, and the canonical map satisfies

T[b(l,l) = W, T[b(]., m) = H, Tl,'b(z,l) = F, T[b(Z,m) = H.

So the only elements of F, which have the same image are (1, m) and (2, m).
Therefore

K, (b) = (((1,m), (2,m))),

and Theorem 3.1 yields the explicit finite presentation

B = (e, e, | egm = e,m)s.
Warning and failed pumps are in the same healthy state after having been
serviced for full operation. Lastly, {H} is a retract of A through the constant
map to H and, hence, by Theorem 4.1(b), pure. Thus, with numerical
calculations, the model possesses the Kkernel criterion, presentation
extraction, and also a purity conclusion in one finite system.

8. CONCLUSION

The finite generating tuple is transformed into an explicit presentation
problem by the canonical kernel K,(b). It is finite and, in particular, a
finitely presentable monoid, and is uniformly equivalent with the class of
right coherent monoids. Defining relations are provided by finite transition
bases, and non-purity by finite equation obstructions. The maintenance
model verifies the procedure and outputs a one-relation presentation, along
with any required state and risk calculations.
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