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Abstract:

This work includes the time scale analogues of some classical
integral inequalities of ratio forms with weighted functions to
unify the results in the continuous and discrete calculi in a
single inequality with general domain called a time scale T
which is defined by a nonempty closed subset of the real
numbers R. The role of proving any inequality on time scales, is
to avoid proving this inequality twice (one in the continuous
case and the other in the discrete case). Our results (when
T = R), give the extension of the earlier results established in
[7], [10], and [12], while T = N, give other different discrete
analogues. Additionally, we can obtain other different
analogues in the quantum time scale calculus.

Keywords: Ratio-type inequalities, Chain rule on time scales,
Jensen's inequality.

1. Introduction

Ratio-type integral inequalities have an important class of
inequalities in mathematical analysis due to their ability to
estimate relationships between integral expressions through
quotient structures. These inequalities provide useful tools for
getting qualitative properties of solutions of differential,
difference, and dynamic equations. Moreover, they play a
significant role in establishing bounds, stability criteria, and
comparison results.

The ratio type integral inequality was established in [10]. Let
0 €ER,6>¢and & w, xy € C([g, 6], (0,)), such that
for T € [g,6],
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= Wiy ¢ ~
§@)  &()
(0)(‘[) - w(ﬁ)) (X(ﬁ) _X(T)> = 0. (1)

Then

6 )
( f 3 (T)dr) ( j X(ﬁ)w(ﬁ)dﬁ)
6 )
=> (J )((T)dT) (j E(ﬁ)w(ﬁ)dﬁ). (2)

In addition, they showed that if £, 6 e R,§ >¢p =1, and
&, x € C([g,6],(0,00)) with &(x) < y(x) for all x € [g, 6],

where the function & is increasing and )% is decreasing, then,

[0 §@adr _ [ £P@)dv
[ x@de [7 xr@)dy

and if = is a convex function on (0, c0) with Z(0) = 0, then,

(3)

JL EE@)A_ [ £
I2 2@ [7 x(®)ds

A distinct ratio-type integral inequality was proved in [12] and
showed that if o, € R, >a and ¢, = € C([a, #], (0, 0)),
where ¢ =, ¢ /= are both nondecreasing, then

(4)

1
I rIC) b y f2 E(®)dY

2 5oy 0 L $@)d0

(5)

The generalized form of inequality (5) was proved in [7] by
adding the weight function A and showed that if o, € R, ¢ >

a, ¢, P €C(a,?],(0,0)), where o¢Y,p/yp are both
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nondecreasing and A € C([«,¥], (0,)) is a weight function,
then

A(9)
S 3@ _ [2 w@A@)d9
N %dﬁ  , #@AW)AY

and also under the same conditions of ¢ and y, he established
that

(6)

(b= [, p*@)dd _ (P
s < [ o@w@as
Jo p(5y9? ’
(b—a)f, p>(®)dV
ST e@ K
D)

Motivation: In this work, we generalize the classical integral
inequalities in the continuous case which were established in
[7], [10], and [12], to include a general domain a time scale T,
which is defined as a nonempty closed subset of the real
numbers R. The new dynamic inequalities on time scales are
considered unified versions of the integral inequalities and their
corresponding discrete analogue. Therefore, as a special case of
our results (when T=R), we get these classical integral
inequalities, while T=N, we get their new corresponding
discrete analogues.

The time scale theory unifies the continuous calculous and
discrete calculus as in [9]. Therefore, the classical integral and
discrete inequalities can be unified and generalized in a single
dynamic inequality with a general domain “a time scale T”.
Additionally, by using the definition of a time scale T, one can
get other inequalities in several classes, like; R,N, hN for
h>0, [1,4], [1,3]U [2,4], and gN for q > 1. For more
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information about the dynamic inequality on time scales, see the
papers [1,2,3,4,11,13,14,16,18,19,20] and the monograph
[1]. For explanation, the authors in [8] showed that if p >
1l,a<p—1 and & is measurable and nonnegative for t €

(0, ), then
jooo T¢ (%j: E(ﬁ)dﬁ)p dt
< (p—fﬁ)pjo T*¢P(T)drT. (8)

The time scale version of inequality (8) was introduced in [17]
to show that if p,y >1,f € Cq([0,°), RY), 0 =0 and
E(7) = fQT f(s)As for any T € [, ), then

oo (EG(T))p

o (@(®) —0)

P\ (% (6(D) — @) ®D
()/Tl) (t — Q)P(V—l)

At 9

<

fP(7r)Ar.
e
If the time scale T is chosen as R, relation (9) becomes the
well-known integral inequality in (8). Selecting N produces the
discrete version, while taking gNe with g > 1 leads to its
counterpart in quantum calculus.

This work develops time-scale extensions of several ratio-type
integral inequalities, specifically those labeled (2), (3), (4), (6),
and (7). The proofs rely on properties of convex functions,
differentiation rules adapted to time scales, and certain algebraic
results from dynamic equations.

The structure of the paper is as follows. Section 2 gathers
preliminary results and auxiliary statements on time scales that

vea
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are needed later. Section 3 contains the principal theorems,
along with further explanations, observations, corollaries, and
illustrative examples.

2. AUXILIARY LEMMAS

Instead of repeating the basic facts of time scales and time scale
notation, we refer the reader to the monograph [5], which
provides a comprehensive overview of the theory. Here, we
simply state a few basic theorems that will be essential in
Section 3.

A time scale T is defined by a nonempty closed subset of the
real numbers R. For t € T, we define the forward jump
operator o: T — T and the backward jump operator p: T — T as
follows:

o(t) =inf{9 € T: 9 > 1}
and
p(t) =sup{9d € T:9 < 1},

while the graininess function wu: T — [0,00) is given by
u(t) = o(t) — . The set T* is given by

T — {T \ (p(supT),supT] if supT < oo;
T if supT = oo,

For a,b € T, the interval [a, b]t on time scales is
defined by [a, b] N T.

Example 1: Let T be a time scale. Then, we have the
following.

1. If T=R, then o(t) =1, p(t) =71, and u(r) =0 for
any t € R.

2. If T=N, then o(r)=1+1, p(t)=t—1, and
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u(t) =1forany T € N.

3. If T=qgN for g > 1, then o(zr) = qt, p(t) =1/q, and
u(®) =(q— Dt forany = € gV, g > 1.

Definition 2.1. (Delta derivative, see [5]).

Assume that f: T — R isa function and lett € T
We define f4(t) to be the number, provided it exists.
Forany € > 0, there is a neighborhood U of t,

U= — 6t + 6 N T for some 6> 0, such that

I[f(e@®) = F()] = £2 ®Olo(@®) — sl| < elo®) — slvs € U,

s # o(t).

In this case, we say f4(t) is the delta or Hilger derivative of f
at t. We say that f is delta or Hilger differentiable, shortly
differentiable, in T* if £4(t) exists for all t € T*. The function
fA: T - R is said to be the delta derivative or Hilger
derivative, shortly derivative, of f in T,

Theorem 2.1 (See [5]). Let w,v: T — R be differentiable at
T € Tk, Then we have
(1) The product wv: T — R is differentiable at t and the
"product rule”

(wv)2(7) = W2 (v (T) + w(o () v2 ()
= (V2 (@) + w2 (v (0 (1)), (10)

holds.

(2) If v(r)v(o(r)) # 0, then we have the quotient w/v: T —- R
Is differentiable at T and the "quotient rule"
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w\d 0?f(@u() - w(@)vA(7)
(;) (© = v(r)v(a(r)) ’ 11

holds.

Theorem 2.2 (See [5]). If w2>0 ( w? <0 ), then w is
nondecreasing (nonincreasing).

Theorem 2.3 (Chain Rule, see [6, Theorem 1.87]). Assume
v:R — R is continuous, v: T — R is delta differentiable on T¥,
and u: R — R is continuously differentiable. Then there exists ¢
in the real interval [¢t, a(t)] with

(uov)2(t) = u'(v(e))v2(b). (12)

Definition 2.2. (See [5])

A function f: T — R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits
exist (finite) at left-dense points in T. The set of rd-continuous
functions f: T — R is denoted by C.q4 or C.q(T) or Cq(T, R).

Theorem 2.4 (See [5, Theorem 1.77]). If a,b,c € T,a,f € R
and u,v € Crq([a, b]T, R), then

@) J2 Tau(®) + Br(D)]At

=a [ u()At + B [ v(t)At,

) [P u®)At = — [ u(®)A,
(3) the integration by parts formula
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j w(@QVA AL
“ b
= W@ O]L - j uA (v (DAL, (13)

holds.
Theorem 2.5 (See [5]). If &£ € C.4(T,R) and T € T, then

o(71)
[ s = @i, (14)
where the graininess function u: T — [0,0), is given by
u) =o(r)—rz, forteT.

Lemma 2.1 (Holder’s inequality, see [5]). If £,6 € T and
A, @ € Crq([g, 8], RY), then

1

P P T 7
j A(()w(f)Ach AV(()A(] U wV(z)Ac], (15)

wherey >1and1/y+1/v =1.

Lemma 2.2 (Jensen’'s inequality, see [5]). If €,6 € T,c,d €
R,A € C.q([g, 8], (c,d)), and E € C((c,d), R) is convex, then

(220 _ 2 E(A@)A
- d—¢ - d—¢ '

(16)

The function E € C((c, d), R) is convex provided that

EBx+ (A -p1) = PEX) + (1 - ﬁ;)E(T), (17)

vp € [0,1],vVx, T € (c,4d).

vey
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3. MAIN RESULTS

Throughout this section, we assume all integrals considered
exist and finite. We now establish the time scale analogue of

inequality (6).

Theorem 3.1. Assume
a,b€eT,b>adp,P€Cy([a,b]r,(0,0)), where ¢,/
are both nondecreasing and A € C,.;([«, b], (0,0)) is a weight
function. Then

A(z)
S AT _ J2 v @Ama

> . (18)
I jf(f)) Aty @A(DAT

Proof. Define a function =, where for x € [a, b],
2(x):
([ * Q)
- ( | qb(()/l(()A()( £ Az)

* ($)
- ( | w(m(mz) ( mm) (19)

By applying the product rule of differentiation on time scales,
we get

a(x)

=A —
=2 (x) = e )f ¢ (t)A(T)AT +/1(x)qb(x)j ¢( )A
A(x)
—mf Y(t)A(T)AT
a(x)
—aeweo [ 53

Vet
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= A(x) 1 x¢(r)/1(T)AT
d(x) J,
o(x) /1(1.)
+¢<>j s w()f POADAT
O'(x)
— () j ¢(<T)> ] (20)
Employing Theorem 2.5, we find that
(%) A) A (C) @20
L QT f TR f TR
_[(FA® ﬂ
T IR e (1)
and
() AC) 7’ (Z) 7))
fa P f TR j PO
* 20 A
L PTGy (22)
hence

7 A(2) 7 2(0)
¢()f S AT —w()j L

B A0 A
"’()f e~ "’()f v @

Substituting (23) into (20), it follows that

AORRICORRICORRC)
NOMIGIRICOIRLG,

2A(x) = A(0) f [ 1A

Voo
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Wiy 2 ~
LA (P[P0 9D
- WL K¢<x) - w@)) ($GIw )
— qb(c)w(z))] %Aé (24)

Taking in account the two nondecreasing functions % and ¢y,

we have for { < x, that

¢ _ 9@
o0 = w2 Pw) = $OPD),
le.,
¢ @) _
0w 20 and W@ =W 20, (29

thus (24) gives

=8y = A f [(cp(x)_cp(c)
- P Y  P©)
A({)
X 22 A 26
5= a’
and then by applying Theorem 2.2, then the function E is
nondecreasing. Therefore, by using the definition of the

function E, we observe that for x € [a, b],

x * A(0)
( f ¢(<>A(<)Ac)( mAc)

z( f lp(mcmc)( %Ac) @7)

Setting x = b in the inequality (27), it follows that

) (PP (x) = P(OW(D))

Vet
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([ o) [ 339
z( j w(r)z(r)mx ¢((T)) ) (28)
ie.
[ 2@

AT _ Jo v

f; %AT B fCI: ¢(T)A(T)AT’

and this informs the validity of (18).

(29)

Remark 3.1. It is obvious that Theorem 3.1 is also satisfied
when ¢y and ¢ /¢ are both nonincreasing functions which is
clear from (26).

Remark 3.2. Taking T = R, then the dynamic inequality (18)
reduces to the integral inequality (6) proved in [7].

Corollary 3.1. Assume T =N,a,b € N,b>a,¢p, P, A are
positive sequences, where ¢, ¢ /¢ are both nondecreasing and
A is a weight sequence. Then,

1 AT
Tk 305 _ B2 pA®
-1 A0 7 F228 ¢ (DA

Y(7)
Corollary 3.2. Determining T = g with ¢ > 1,0 = q™, b =
qt,myn e N,n>m,¢,,A are positive sequences, where
oY, /Y are both nondecreasing and A is a weight sequence.

Then,

(30)
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= @D _ ”‘%l RICVICE

- /’l(qT) DXt L ICVICEDE
Z :m q lp( ‘1:)

G1D)

Example 2. Determining T=R,a=0,b=2,1({) =
%, P (0) = ¢2, and Y ({) = ¢, then the left side of (18) for the
continuous case, becomes

A
f; ¢((?) At fz 72 dt
= 0.6666667 (32)
o
T

and the right side of (18) gives
[ p@A@Ar ¥ 15 de
[2p@a@ar f; 16 dr

and this shows the validity of (18) for the continuous case.

= 0.583333 (33)

Example 3. Choosing T=Na=1,b=41019) =
93, p(9) =92, and P (I¥) = VI, then the left side of (30), gives

_1 A(D)
erj=01c ® (1) it 23:1 T
Zb_l M - 2221 T2
= P(D)

and the right side of (30) becomes

$E2L YA _ B, T
T2 A Bi T

and this shows the validity of (30).

= 0.428571 (34)

= 0.355072 (35)

Example 4. Taking T=2N,g=2m=1,n=510) =9 +
2,p(9) =93, and Y (9) = I, then the left side of (31) becomes

VoA
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) ¢
Wiy ~
: A(@") . 2T+2

= G Vi T
q° A(qr) 23::1 (27 + 2)
wm ¥(q®)

and the right side of (31) becomes

=m TW(@DHAGT)  Xi-q 27727 +2)
ol qte(@DHA(@Y)  XE, 24T (27 +2)
— 0.004385 (37)

=0.04215 (36)

and this confirms that (31) holds.

Theorem 3.2. Assume a,beT,b>a, and ¢, Y €

Crq([a,b]T, (0,0)) such that ¢y,¢p/yp are  both
nondecreasing. Then

(b—a) [, Yp*(D)dr _ (P
v, | e@wmar
« "
(b—a) [ p*(DAc
< fb ¢>(r) : (38)
« (0 7
Proof. Applying Theorem 3.2 with A = ¢, we get
— A
s (L L
Ja iy
and by setting A = i, we obtain
LR ICONN
o 9002 J2 wAOA¢ (40)

b—a 7 o)A
Combining (39) and (40), we have

vesd
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(b — @) f;] P2(OA

I09)
Ja 50y 2¢

(b—a) [, $*(DAS

<<
=T @,
Ja 5026

and this satisfies (38).

b
< j SOWOAL

a

(41)

Remark 3.3. Choosing T = R, then the dynamic inequality
(38) reduces to the integral inequality (7) proved in [7].

Theorem 3.3. Let a,beT,b>a, and
f,9,h € C.q([a, b]r, (0,0)), with

) _f(T)) o
RO “h@) =

9@ —g) ( (42)

Then

b b
( | f(T)AT>( | h(Z)Q(Z)M)
b b
z(f h(r)Ar)(] f(f)g(()Az). (43)

Proof. Denote

b b
A:= (f f(T)AT) (] h(()g(C)AZ>
a b a b
_ ( j h(T)AT) ( j f(()g(Z)AZ> #

b b
~ [ | 9@ @n© - hf@lawas. @4

Vi
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Since the last integrals are definite integrals, we can write

b b
A= ( j f(()M) ( f h(r)g(r)Ar)
b b
- ( f h(()M) ( j f(r)g(r)Ar) .

b ,b
=j f g@OIF(QOhE) — h(OfF()]ATAL.  (45)

Adding (44) and (45), one can get

1 b b
a=3[ | (@ -a@)
X [FOR@ — O (1ATAL

j j RORO(9) - 9©) e
@
ToILAS (46)

thus from (42), we find that A = 0 and then (44) gives

b b
( j f(T)AT) ( j h(()gcz)Ac)
b b
z( f h(r)Ar) ( f f(()g(()AZ),

and this satisfies (43).

Remark 3.4. Determining T = R, then the inequality (43)
reduces to (2) established in [10].

VA
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Corollary 3.3. Assume T =N,a,b € N,b > a, and f, g, h are
positive sequences, with

f@Q) f )) 0. 47)

h(Q) R

<bz f(r)> <bz h(()Q(Z))
T=a {=a

b—1 b—1
> <Z h(r)) <Z f<<>g<z)>- (48)
T=a {=a

Example 5. Taking T=N,a=1,b=5,9(1) =13, (1) =1,
and h(7) = 3. Then, the left side of (48) gives

(bz f(r)) CZ h(c)g@)) = (Z T) <Z (5>

= 13000 (49)

(9@ - g(f))(

Then,

and the right side of (48) yields

(55 00)($ rono)=( #)(5, )

T=a =1 {=1
= 10000 (50)

and this shows the correctness of (48).

Theorem 3.4. Assume a,beT,b>a,p=1, and f,he€

vay
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Crqa([a, b]T, (0,00)) with f(7) < h(z) for all T € [a, b]y, such
that the function £ is increasing and % Is decreasing. Then,

[P foar _ 2P @ag
[ h@aT [P e (A

Proof. Since f is increasing and p =1, then fP~1 is also
increasing. In this case, we have the increasing function fP~1

(51

and the decreasing function % which satisfy the condition (42)
when g = fP~1, thus by applying Theorem 3.3, especially, the

inequality (43), we get
Jo AT [, fPeA¢
[ h@ar [ R P

Taking into the account that p =1 and f({) < h(¢) for all
¢ € [a, b], the inequality (52) gives

(52)

IO _ oY%
[2r(AT [P P ()AS

which is (51).

Remark 3.5. Determining T = R, then the inequality (51)
reduces to (3) proved in [10].

In the following, we generalize Theorem 3.4 to include the
convex function ¢ by replacing f?P(7),p = 1 with ¢ (f (7)).

Theorem 3.5. Assume a,b€T,b>a, and f,he€e
Crq([a, b]T, (0,0)) with f({) < h({) V{ € [a, b]t, Where the
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function f is increasing and % Is decreasing. If ¢ is a convex
function on (0, o0) with ¢(0) = 0, then

[RIC ()4 f F(OAC
f<MMOMC 2 (DAL

(53)

Proof. By employing the definition of the convex function ¢ in
(17), where ¢(0) = 0, then by setting =0 and x = {, we
have for ¢ > 0,

$(BS) < B ($), VB € [0,1], (54)
le.,
d(BY) _ P(S)
B < 7 ,VB € [0,1]. (55)
Taking 9 = B¢ implies 9 < ¢, so, in this case, we have
¢S9) < Cb?) for 9 < ¢, (56)

which indicates that @ Is increasing and then for f({) <

h({), we observe that

¢(F () _ ¢(r(9)
@ SThG 57)
Since f and £E€) are increasing, their composition also "’;’;g))
becomes increasing. Thus for { < b,
@) _d(f(B)) (58)

O =
Combining the two inequalities (57) and (58), it follows that
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b @)
2 o(r@)ag Jo FO—5y A

12 o(h@)AT b oy S(RD) |
Jo R Ty

b ¢(f(())
<fa f@ =y ¢

(b ¢(f(€))
Ja MO (

(59)

Since ;() Is decreasing and ¢;f(())) Is increasing, then the

condition (42) in Theorem 3.3, by setting g(¢) = caacAX9) , holds

JA(Y)
and then in this case, we obtain from (43) that
P (f ()
Jo FO ey~ _Ja F©4¢ -
[, h({)qb;f(({()))A{ J; h(AC

Substituting (60) into (59), gives

2 d(FO)A ff(Z)AC
2 $(h(©)AS f h(5)A

which is (53).

Remark 3.6. Determining T = R, the dynamic inequality (53)
reduces to the classical integral (4) proved in [10].

Corollary 3.4. Assume T=N,a,b €N,b >a, and f,h are
positive sequences with f({) < h({) V{ € [a,b], where

vie
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{f(n)}2 is increasing and {% (n)}z Is decreasing. If ¢ is a
convex function on (0, ) with ¢(0) = 0, then
Yo=a PU@)) _ Xs=a f)
=6 P(h(®) ~ X5y R
Example 6. Taking T=N,a =1,b = 4,¢I9) =92, f(9) = 0,
and h(9) = 93. Then, the left side of (61) gives

Yo=a PUF)) _ Xj=, 92

(61)

= = 0.01763 62
Yize d(h(®)  Xj-, 9° ©2)
and the right side of (61) becomes
b—1 3
2i=a f(O) _ Xg=1§ _ Niet (63)

YeZL R Xi OB

Thus, the inequality (61) is correct.

Conclusion

In this paper, we generalized the classical ratio-type integral
inequalities established by Chesneau, Makanin, and Liu et al. in
the unified framework (time scales) to include the other
analogues of these results in the discrete and quantum cases,
which are considered new and interesting to the reader. These
dynamic inequalities were proved for the monotonic and
convex functions. Furthermore, as special cases of our results,
when T=IR, we get the classical integral inequalities of these
authors mentioned above, while T=N, we obtain new

corresponding discrete analogues, and also when T = gN for
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g>1, we establish the quantum analogues. Additionally, we can
get other new analogues of these inequalities in different classes
as special cases of a time scale T, like; hN, h > 0, [1,2], and
[3,4]U [5,6]. Furthermore, in the future work, we are interested
in establishing the dynamic ratio-type inequalities on diamond
alpha time scales to include delta and nabla time scales in the
same inequality. As we seek to establish new ratio-type

inequalities involving C-monotonic functions on time scales.
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