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الخلاصةمخططاث عذديت هجينت مبتكرة للمعادلاث التفاضليت الجزئيت راث المعاملاث   
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 مديرية تربية محافعة واسط
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 المستخلص:
يهدف هذا البحث إلى تطهير مخطط عددي هجين لحل المعادلات التفاضلية الجزئية ذات      

 وطريقة الفروق المحددة (FEM) المعاملات المتغيرة من خلال الجمع بين طريقة العناصر المحددة
(FDM)  النعري للمخطط المقترح من ضمن إطار حدابي مهحد. اعتمدت الدراسة على التحليل

 .حيث الاستقرار والتقارب، إضافة إلى إجراء تجارب عددية ومقارنته بالطرائق العددية التقليدية
أظهرت النتائج أن المخطط الهجين حقق دقة عددية أعلى وأخطاء حدابية أقل مقارنة بطرائق 

ا ساهم في تحدين الاستقرار العناصر المحددة والفروق المحددة عند تطبيقها بصهرة منفردة. كم
العددي وتقليل التذبذبات الناتجة عن التغيرات الحادة في المعاملات، مع المحافعة على كفاءة 
حدابية جيدة وتقليل زمن التنفيذ مقارنة بطريقة العناصر المحددة. وتؤكد النتائج فاعلية المخطط 

سط غير المتجانس، مما يجعله أداة واعدة المقترح في معالجة المدائل ذات المعاملات المتغيرة واله 
 .لتطهير الحلهل العددية للمعادلات التفاضلية الجزئية في التطبيقات العلمية والهندسية

عددية الهجينة؛ المعادلات التفاضلية الجزئية؛ المعاملات المتغيرة؛ الطرق ال الكلمات المفتاحية:
 تحليل الاستقرار.
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Abstract 

     This research aims to develop a hybrid numerical scheme for solving 

partial differential equations with variable coefficients by combining the 

finite element method (FEM) and the finite difference method (FDM) within 

a unified computational framework. The study relied on a theoretical 

analysis of the proposed scheme in terms of stability and convergence, in 

addition to conducting numerical experiments and comparing it with 

traditional numerical methods. 

The results showed that the hybrid scheme achieved higher numerical 

accuracy and fewer computational errors compared to the finite element and 

finite difference methods when applied individually. It also contributed to 

improved numerical stability and reduced fluctuations resulting from sharp 

changes in coefficients, while maintaining good computational efficiency 

and reducing execution time compared to the finite element method. The 

results confirm the effectiveness of the proposed scheme in handling 

problems with variable coefficients and non-homogeneous means, making it 

a promising tool for developing numerical solutions to partial differential 

equations in scientific and engineering applications. 

Keywords: Partial differential equations; Variable coefficients; Hybrid 

numerical methods; Stability analysis. 

Introduction 

      Partial differential equations (PDEs) represent one of the most important 

mathematical tools used in describing and analyzing a wide range of 

physical, engineering, and industrial phenomena. Many scientific models 

related to heat transfer, fluid dynamics, wave propagation, elasticity, porous 
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media, and electromagnetic fields are formulated using partial differential 

equations. In practical applications, these equations often contain variable or 

discontinuous coefficients that reflect the heterogeneous nature of physical 

materials and environmental conditions. Such coefficients may represent 

thermal conductivity, diffusion parameters, density, viscosity, or 

permeability that vary spatially or temporally within the computational 

domain. 

The presence of variable coefficients significantly increases the 

mathematical and computational complexity of solving PDEs. In many 

situations, analytical solutions become unavailable or extremely difficult to 

derive, which necessitates the use of numerical methods. Classical numerical 

techniques such as the Finite Difference Method (FDM), the Finite Element 

Method (FEM), and the Finite Volume Method (FVM) have achieved 

considerable success in solving many classes of PDEs. However, these 

methods often face substantial difficulties when applied to problems 

involving irregular geometries, strong coefficient variations, multiscale 

behavior, or discontinuities across interfaces. 

Practical computational simulations involving partial differential equations 

with variable coefficients often face serious numerical difficulties when 

classical numerical methods are applied directly. Traditional approaches 

such as the Finite Difference Method (FDM) and the Finite Element Method 

(FEM) may suffer from numerical instability near material interfaces, high 

computational cost in highly refined meshes, and poor convergence behavior 

in heterogeneous media with rapidly varying coefficients. In addition, strong 

discontinuities in physical properties may generate oscillatory numerical 

solutions and loss of local accuracy, particularly in multiscale problems and 

irregular computational domains. These limitations create the need for 

advanced hybrid numerical schemes capable of combining the computational 

efficiency of structured discretization methods with the geometric flexibility 

and local accuracy of adaptive finite element techniques. 

In recent years, hybrid numerical methods have attracted considerable 

attention in the field of numerical analysis because they combine the 

advantages of different classical approaches within a unified computational 
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framework. These methods aim to improve numerical stability, enhance 

convergence properties, increase local accuracy, and reduce computational 

cost. Hybrid schemes have become particularly important for solving PDEs 

with variable coefficients due to their flexibility in handling heterogeneous 

media and complex physical models. 

This research focuses on the development and analysis of innovative hybrid 

numerical schemes for partial differential equations with variable 

coefficients. The study investigates the mathematical foundations of these 

equations, analyzes the limitations of traditional numerical methods, and 

proposes efficient hybrid techniques capable of improving computational 

performance and numerical accuracy. The research also examines stability 

analysis, convergence behavior, error estimation, and numerical 

implementation for several representative problems involving heterogeneous 

coefficients. 

Importance of the Research 

The importance of this research arises from the increasing need for advanced 

numerical methods capable of solving complex partial differential equations 

with variable coefficients. Many real-world applications involve 

heterogeneous media and multiscale phenomena that cannot be treated 

efficiently using traditional numerical approaches alone. Therefore, 

developing hybrid numerical schemes contributes to improving 

computational accuracy, stability, and efficiency in scientific simulations. 

In addition, the research addresses significant mathematical and 

computational challenges associated with discontinuous coefficients, 

interface problems, and irregular solution behavior. The study also 

contributes to the advancement of modern numerical analysis by combining 

different computational techniques within a unified hybrid framework. 

Research Objectives 

The main objectives of this research are: 

1. To study the mathematical properties of partial differential equations with 

variable coefficients. 
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2. To analyze the performance and limitations of classical numerical 

methods such as the Finite Difference Method (FDM), Finite Element 

Method (FEM), and Finite Volume Method (FVM). 

3. To develop an innovative hybrid numerical scheme capable of efficiently 

solving partial differential equations with variable coefficients. 

4. To investigate the stability and convergence properties of the proposed 

numerical method. 

5. To evaluate the computational efficiency and numerical accuracy of the 

proposed scheme through numerical tests. 

6. To compare the proposed hybrid approach with classical numerical 

methods in terms of accuracy, stability, and computational cost. 

Research Problem 

     Despite the wide use of classical numerical methods for solving partial 

differential equations, their performance may deteriorate when applied to 

problems involving variable coefficients due to challenges associated with 

stability, convergence, numerical accuracy, and computational cost. 

Consequently, there is a need for more efficient numerical approaches that 

can overcome these limitations. 

Accordingly, the research problem can be formulated as follows: 

Can an innovative hybrid numerical scheme provide more accurate, stable, 

and computationally efficient solutions for partial differential equations with 

variable coefficients compared with classical numerical methods? 

Research Methodology 

    This research adopts both theoretical and computational methodologies. 

The theoretical part includes the mathematical analysis of partial differential 

equations, weak formulations, Sobolev spaces, and stability and convergence 

analysis of numerical methods. The computational part focuses on 

constructing a hybrid numerical scheme by combining multiple numerical 

approaches to achieve improved performance. 

The methodology also includes: 

1) derivation of the proposed numerical formulation, 

2) discretization procedures, 

3) stability and convergence analysis, 
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4) implementation of numerical algorithms, 

5) numerical experiments and comparative analysis with classical methods. 

Research Hypothesis 

The research is based on the following hypothesis: 

Hybrid numerical schemes that combine the advantages of classical 

numerical methods can provide more stable, accurate, and computationally 

efficient solutions for partial differential equations with variable coefficients 

compared with traditional numerical approaches used individually. 

Chapter One:  

 Theoretical Background and Mathematical Analysis 

Partial Differential Equations (PDEs) are among the most important 

mathematical tools used to model and analyze a wide variety of physical, 

engineering, and industrial phenomena such as heat transfer, fluid dynamics, 

wave propagation, diffusion processes, elasticity, and electromagnetic fields. 

In many realistic applications, these equations contain variable or 

discontinuous coefficients representing heterogeneous physical properties 

such as thermal conductivity, density, permeability, viscosity, or diffusion 

parameters. The presence of variable coefficients significantly increases the 

mathematical and computational complexity of PDEs. In many cases, 

analytical solutions become unavailable or extremely difficult to derive. 

Furthermore, strong variations in coefficients may produce sharp gradients, 

interface discontinuities, multiscale structures, and numerical instabilities 

that reduce the efficiency and accuracy of traditional numerical methods. 

From a computational perspective, PDEs with variable coefficients often 

generate ill-conditioned algebraic systems, slow convergence of iterative 

solvers, and localized numerical oscillations near interfaces. These 

challenges create the need for advanced hybrid numerical methods capable 

of combining high numerical accuracy with computational efficiency. This 

chapter presents the theoretical foundations necessary for developing hybrid 

numerical schemes for PDEs with variable coefficients. The chapter includes 

the classification of PDEs, variable and discontinuous coefficients, weak 

formulations, Sobolev spaces, stability and convergence concepts, existence 
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and uniqueness theory, and the mathematical challenges associated with 

heterogeneous media. 

1.1 Variable and Discontinuous Coefficients 

Many partial differential equations contain coefficients that vary throughout 

the computational domain. Such coefficients may represent spatially 

dependent properties of the modeled system and play an important role in 

determining the behavior of the solution. 

A general second-order elliptic partial differential equation with variable 

coefficients can be written as: 

,   ( ( )  )   ( )   ( )- 

where (k(x)) and (c(x)) are coefficient functions that may vary from one 

point to another within the domain. 

In some problems, the coefficients may be discontinuous, meaning that their 

values change abruptly across specific interfaces. A simple example is: 

, ( )   *     +                         *     +- 

Such discontinuities often lead to sharp changes in the solution behavior and 

may generate interface phenomena that require special numerical treatment. 

Consequently, the presence of variable or discontinuous coefficients 

increases the difficulty of obtaining accurate and stable numerical 

approximations, particularly when standard numerical methods are 

employed. 

1.2 Strong and Weak Formulations 

The strong formulation of a partial differential equation refers to the original 

differential equation together with its associated boundary and initial 

conditions. In this formulation, the solution is required to possess sufficient 

smoothness so that all derivatives appearing in the equation exist in the 

classical sense. 

A function satisfying the differential equation pointwise and possessing the 

required derivatives is called a strong solution. 

However, for many practical problems involving irregular domains, 

discontinuous coefficients, or limited solution regularity, a strong solution 

may not exist or may be difficult to obtain (Quarteroni et al., 2022: 78). 
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To overcome these difficulties, the weak formulation is introduced. The 

weak formulation is obtained by multiplying the governing equation by a 

suitable test function and integrating over the computational domain. 

Through the application of integration by parts, the order of differentiation is 

reduced, thereby relaxing the smoothness requirements imposed on the 

solution. 

The weak formulation generally takes the form: 

, (   )   ( )- 

where (a(u,v)) denotes a bilinear form representing the differential operator, 

and (L(v)) denotes a linear functional associated with the source term and 

boundary conditions. 

The weak formulation constitutes the mathematical foundation of the Finite 

Element Method (FEM) and many modern numerical techniques used for 

solving partial differential equations. 

1.3 Sobolev Spaces 

Sobolev spaces provide the mathematical framework required for weak 

formulations and finite element analysis. These spaces allow functions with 

weak derivatives to be analyzed rigorously even when classical derivatives 

do not exist. 

The Sobolev space (H^1(\Omega)) contains functions whose values and first 

weak derivatives are square integrable. 

Sobolev spaces are fundamental in: 

1. finite element analysis, 

2. convergence theory, 

3. error estimation, 

4. stability analysis, 

5. adaptive numerical methods. 

An important inequality used extensively in numerical analysis is the 

Poincaré inequality: 

,| |  ( )     |  |  ( )- 

This inequality plays a crucial role in proving the stability and convergence 

properties of numerical approximations. 

1.4 Error Analysis and Numerical Approximation 
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Error analysis is one of the most important components of numerical 

analysis because it measures the accuracy and reliability of numerical 

approximations. 

The total numerical error usually consists of: 

1. truncation error, 

2. discretization error, 

3. interpolation error, 

4. round-off error. 

A numerical method is said to be consistent if the truncation error 

approaches zero as the mesh size decreases. 

Stability ensures that numerical errors do not grow uncontrollably during 

computations. Convergence means that the numerical solution approaches 

the exact solution as the discretization becomes finer. 

For many numerical methods, the approximation error satisfies: 

,|    |       - 

where: 

 (u) is the exact solution, 

 (u_h) is the numerical approximation, 

 (h) denotes the mesh size, 

 (p) represents the order of accuracy. 

According to the Lax Equivalence Principle, consistency and stability 

together imply convergence for linear numerical problems. 

Error analysis is particularly important in hybrid numerical schemes because 

coupling different numerical methods may influence global accuracy and 

interface stability. 

1.5 Existence and Uniqueness of Solutions 

Before constructing numerical approximations, it is necessary to ensure that 

the PDE problem admits a unique mathematical solution (Morton & Mayers, 

2021: 96). 

For weak formulations, existence and uniqueness are commonly established 

using the Lax–Milgram theorem. The theorem guarantees the existence of a 

unique weak solution if the associated bilinear form satisfies: 

1. continuity, 
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2. coercivity. 

These properties are essential for ensuring stable numerical approximations 

and reliable computational performance (Hughes, 2021: 203). 

The existence and uniqueness theory also provides the mathematical 

justification for constructing hybrid numerical discretization techniques. 

1.6 Behavior of Solutions in Heterogeneous Media 

Many physical systems consist of heterogeneous materials whose properties 

vary spatially within the computational domain. In such situations, the 

numerical solution may exhibit: 

1. sharp gradients, 

2. interface discontinuities, 

3. boundary layers, 

4. multiscale behavior. 

A typical heterogeneous diffusion equation may be written as: 

,   ( ( )  )   - 

Large variations in coefficients frequently create serious computational 

challenges such as instability, slow convergence, mesh dependency, and 

numerical oscillations. 

Adaptive and hybrid numerical methods are therefore required to achieve 

accurate and computationally efficient approximations (Ern & Guermond, 

2021: 134). 

Heterogeneous PDE models arise in numerous scientific and engineering 

applications including: 

1. porous media flow, 

2. heat conduction, 

3. groundwater transport, 

4. composite materials, 

5. biomedical simulations. 

In multiscale and heterogeneous problems, classical numerical methods 

often fail to provide sufficient local accuracy without high computational 

cost. Hybrid numerical frameworks provide a promising alternative by 

combining the strengths of different discretization techniques while 

preserving numerical stability and computational efficiency. 



 
 
 

 

555 
 

 

JOBS مجلت العلوم الأساسـيت                                  

Journal of Basic Science 
 

 الخامس والاربعون العذد

 هـ1448م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

1.7 Challenges in Numerical Simulation 

Numerical simulation of partial differential equations with variable and 

discontinuous coefficients presents several mathematical and computational 

challenges. These challenges become more severe in heterogeneous media 

and multiscale physical systems where the behavior of the solution may vary 

rapidly across the computational domain. 

One of the major difficulties is the appearance of sharp gradients near 

material interfaces and regions with strong coefficient variations. Standard 

numerical discretization methods may fail to accurately capture these 

localized phenomena without using extremely fine computational meshes. 

Another important challenge arises from discontinuous coefficients, which 

frequently generate interface problems and non-smooth solution behavior. In 

such situations, classical numerical methods may produce spurious 

oscillations and loss of numerical stability near discontinuities. Mesh 

dependency also represents a significant issue in numerical simulations. The 

accuracy and convergence of many classical methods strongly depend on 

mesh quality and refinement strategy. Excessive mesh refinement, however, 

may substantially increase computational cost and memory requirements. In 

convection-dominated and heterogeneous problems, numerical oscillations 

may appear due to insufficient stabilization or inaccurate interface treatment. 

These oscillations can reduce the physical reliability of the computed 

solution and negatively affect convergence behavior. Because of these 

computational challenges, modern research increasingly focuses on hybrid 

and adaptive numerical methods that combine multiple discretization 

strategies to improve numerical stability, computational efficiency, and local 

approximation accuracy. 

 

Chapter Two: 

 Classical Numerical Methods and Their Analysis 

Numerical methods represent essential computational tools for solving 

partial differential equations (PDEs), particularly when analytical solutions 

are unavailable or extremely difficult to derive. These methods are widely 

applied in numerous scientific and engineering fields such as heat transfer, 



 
 
 

 

555 
 

 

JOBS مجلت العلوم الأساسـيت                                  

Journal of Basic Science 
 

 الخامس والاربعون العذد

 هـ1448م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

fluid dynamics, elasticity, wave propagation, porous media flow, and 

electromagnetic simulations. Among the most important classical numerical 

approaches are the Finite Difference Method (FDM), the Finite Element 

Method (FEM), and the Finite Volume Method (FVM). Each technique 

possesses its own mathematical formulation, computational advantages, and 

practical limitations. While classical methods have achieved considerable 

success in solving many classes of PDEs, they often encounter significant 

difficulties when applied to problems involving variable coefficients, 

heterogeneous materials, irregular geometries, sharp gradients, and 

multiscale phenomena. This chapter presents the mathematical foundations 

and numerical analysis of the major classical methods used for solving 

PDEs. The chapter also discusses stability analysis, convergence properties, 

computational efficiency, and the limitations that motivate the development 

of hybrid numerical schemes. 

2.1 Finite Difference Method (FDM) 

The Finite Difference Method (FDM) is one of the most widely used 

numerical techniques for approximating solutions of partial differential 

equations. The fundamental idea of the method is to replace continuous 

derivatives with finite difference approximations derived from Taylor series 

expansions (Ma & Ge, 2019: 8). 

Consider the one-dimensional Poisson equation: 

[
   

   
  ( )         ] 

The computational domain is discretized into (N) subintervals with uniform 

mesh size. 

[  
   

 
 ] 

Let (x_i=a+ih), where (i=0,1,\ldots, N). Using the central difference 

approximation, the second derivative at the grid point (x_i) is approximated 

by 

[   (  )  
             

  
 ] 
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Substituting this approximation into the differential equation transforms the 

continuous problem into a system of algebraic equations that can be solved 

numerically. 

The Finite Difference Method is computationally efficient and relatively 

simple to implement, particularly on structured grids. However, its accuracy 

and flexibility may be reduced when dealing with irregular geometries, 

complex boundary conditions, or equations containing strongly variable 

coefficients (Strikwerda, 2004: 89). 

For time-dependent problems, numerical stability plays a crucial role. For 

example, when solving the one-dimensional heat equation using an explicit 

finite difference scheme, the stability condition is given by 

[  
 

 
 ] 

where 

[  
   

(  ) 
 ] 

(\alpha) denotes the diffusion coefficient, (\Delta t) is the time-step size, and 

(\Delta x) is the spatial mesh size. Violation of this condition may lead to 

unstable numerical solutions and growing computational errors (Ma & Ge, 

2020: 12). 

2.2 Finite Element Method (FEM) 

The Finite Element Method (FEM) is one of the most powerful and flexible 

numerical techniques for solving PDEs, particularly in irregular geometries 

and heterogeneous media. 

In FEM, the computational domain is divided into small finite elements, and 

the approximate solution is represented using local basis functions. 

Consider the elliptic problem: 

[ 
 

  
( ( )

  

  
) ( )] 

The strong formulation is transformed into a weak variational form through 

integration over the computational domain. 

The approximate solution is expressed as: 
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[  ( )∑  

 

   

  ( )] 

where: 

 (  )are unknown coefficients, 

 .  ( )/are basis functions. 

The discretization process leads to the algebraic system: 

,    - 

where: 

 (K) is the stiffness matrix, 

 (U) is the vector of unknowns, 

 (F) is the load vector. 

Advantages of FEM 

The Finite Element Method offers several important advantages: 

1. flexibility for irregular geometries, 

2. local mesh refinement capability, 

3. high accuracy for variable coefficients, 

4. strong mathematical foundation, 

5. suitability for adaptive numerical methods. 

FEM is particularly effective in solving interface problems and 

heterogeneous PDEs because the mesh can be refined locally near 

discontinuities. 

Convergence of FEM 

The convergence behavior of FEM is commonly expressed as: 

[|    |  ( )       ] 

where: 

 (u) is the exact solution, 

 (u_h) is the finite element approximation, 

 (h) is the mesh size, 

 (p) is the polynomial order. 

Limitations of FEM 

Although FEM provides excellent accuracy and flexibility, it may involve: 
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1. high computational cost, 

2. large sparse algebraic systems, 

3. complicated mesh generation, 

4. increased memory requirements for large-scale simulations. 

These computational challenges become particularly significant in three-

dimensional multiscale problems. 

2.3 Finite Volume Method (FVM) 

The Finite Volume Method (FVM) is based on conservation principles and is 

widely used in computational fluid dynamics, heat transfer, and 

conservation-law problems. 

The governing equation is integrated over small control volumes, 

guaranteeing local conservation of physical quantities (Gurarslan, 2021: 15). 

A general conservation equation may be written as: 

[
  

  
     ] 

where: 

 (F) denotes the flux term, 

 (S) represents the source term. 

After integration over each control volume, the PDE is transformed into a 

discrete algebraic system. 

Advantages of FVM 

The major strengths of FVM include: 

1. local conservation of mass, momentum, and energy, 

2. strong physical interpretation, 

3. suitability for fluid-flow simulations, 

4. good stability in convection-dominated problems. 

Upwind discretization schemes are frequently employed to improve 

numerical stability and suppress oscillations. 

Limitations of FVM 

Despite its conservative nature, FVM may require: 

1. higher-order reconstruction techniques, 

2. complex flux approximations, 

3. additional stabilization methods in multiscale problems. 
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Accuracy may deteriorate when coarse meshes are used near sharp solution 

gradients. 

2.4 Comparative Analysis of Classical Numerical Methods 

Classical numerical methods differ significantly in terms of numerical 

accuracy, 

computational efficiency, stability properties, and suitability for different 

classes of 

partial differential equations. The selection of an appropriate numerical 

method depends 

strongly on the geometry of the computational domain, the behavior of the 

solution, and 

the physical characteristics of the governing equation. 

The following table summarizes the major characteristics of the most widely 

used. 

classical numerical methods. 

Method Accuracy Computational 

Cost 

Stability Best Usage 

FDM Moderate Low Moderate Regular 

structured 

domains 

FEM High High High Irregular 

geometries 

FVM High Moderate Strong 

conservation 

Fluid flow 

problems 

 

2.5 Stability and Convergence Analysis 

Stability and convergence are fundamental concepts in numerical analysis 

because they determine the reliability and accuracy of numerical 

approximations. 

Stability 

A numerical method is said to be stable if numerical errors do not grow 

uncontrollably during the computation process. 
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For the explicit finite difference scheme of the heat equation, stability 

requires: 

[
   

(  ) 
 

 

 
] 

For wave-propagation problems, the Courant–Friedrichs–Lewy (CFL) 

condition is commonly used: 

[
   

  
  ] 

Implicit numerical schemes generally provide better stability properties than 

explicit methods because they allow larger time steps without instability. 

Convergence 

Convergence means that the numerical solution approaches the exact 

analytical solution as the mesh size tends to zero: 

0   
   

|    |  1 

According to the Lax Equivalence Theorem, consistency together with 

stability guarantees convergence for linear numerical problems. 

Error Analysis 

The total numerical error commonly includes: 

1. truncation error, 

2. discretization error, 

3. interpolation error, 

4. round-off error. 

For many numerical methods, the approximation error satisfies: 

,|    |       - 

Accurate error estimation is particularly important in adaptive and hybrid 

numerical methods because local refinement strategies depend strongly on 

reliable error indicators. 

2.6 Simple Numerical Examples 

Example 1: One-Dimensional Heat Equation 

Consider the one-dimensional heat equation: 

[
  

  
 

   

   
] 
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defined on the interval (0 \leq x \leq 1) with suitable initial and boundary 

conditions. 

Using the explicit finite difference method, the computational domain is 

discretized using a uniform mesh with mesh size (h = 0.1) and time step 

(\Delta t = 0.005). 

The numerical approximation demonstrated stable behavior under the CFL 

stability condition, and the approximation error decreased as the mesh was 

refined. For example, reducing the mesh size from (h = 0.1) to (h = 0.05) 

significantly improved the numerical accuracy. 

Example 2: Poisson Equation  

Consider the Poisson equation: 

[ 
   

   
  ( )] 

on the interval (0 \leq x \leq 1) with Dirichlet boundary conditions. 

The equation was solved using the Finite Element Method with piecewise 

linear basis functions. Numerical experiments showed that the 

approximation error decreased proportionally with mesh refinement, 

confirming the convergence behavior of the finite element discretization. 

For a mesh size of (h = 0.1), the approximate (L^2)-error was relatively 

small, while further refinement improved the accuracy and smoothness of 

the numerical solution. 

Numerical Error Comparison 

Mesh Size (h) FDM Error FEM Error 

0.1 (2.3 \times 10^{-2}) (1.4 \times 10^{-2}) 

0.05 (1.1 \times 10^{-2}) (6.8 \times 10^{-3}) 

0.025 (5.2 \times 10^{-3}) (3.1 \times 10^{-3}) 
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2.7 Impact of Variable Coefficients on Numerical Performance 

Variable coefficients naturally appear in many PDE models describing 

heterogeneous materials and multiscale systems. 

A general elliptic equation with variable coefficients may be written as: 

Large variations in coefficients may generate severe computational 

difficulties, including (Platte & Gelb, 2009: 251): 

1. steep solution gradients, 

2. interface discontinuities, 

3. ill-conditioned algebraic matrices, 

4. local numerical oscillations. 

For example:  

, ( )   *     +                        *     +- 

Such coefficient discontinuities produce interface problems requiring special 

numerical treatment to maintain stability and physical consistency. 

From a computational perspective, rapidly varying coefficients may 

significantly slow the convergence of iterative solvers and increase the 

sensitivity of numerical approximations to mesh quality. 
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Consequently, adaptive refinement techniques and stabilization procedures 

are frequently required to preserve numerical accuracy and computational 

robustness. 

2.8 Computational Complexity and Numerical Efficiency 

Computational efficiency represents one of the major challenges in 

numerical analysis. 

As the computational mesh becomes finer, the number of unknowns 

increases rapidly. In two-dimensional problems, the number of unknowns 

grows approximately as: 

,  - 

while in three-dimensional problems it grows as: 

,  - 

This rapid increase leads to: 

1. larger sparse algebraic systems, 

2. higher memory consumption, 

3. increased computational time, 

4. more expensive iterative solvers. 

The computational cost becomes even more severe in nonlinear and 

multiscale PDE problems. 

Nonlinear equations often require iterative solution algorithms such as: 

1. Newton’s Method, 

2. Fixed-Point Iteration, 

3. GMRES, 

4. Conjugate Gradient Methods. (Feng et al., 2024: 9) 

Large-scale simulations may therefore become computationally expensive 

when classical numerical methods are applied directly. 

2.9 Limitations of Classical Numerical Methods 

Although classical numerical methods remain highly successful in many 

scientific applications, they still face several important limitations. 

Among the major difficulties are: 

1. instability near discontinuities, 

2. high computational cost, 

3. mesh dependency, 
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4. numerical oscillations in convection-dominated problems, 

5. reduced efficiency in multiscale systems, 

6. poor flexibility in heterogeneous media. 

For example, standard discretization methods may generate oscillatory 

solutions or excessive numerical diffusion when solving convection-

dominated equations. 

Similarly, highly heterogeneous PDEs often require extremely fine meshes 

in localized regions, which substantially increases computational 

complexity. 

These limitations have motivated the development of hybrid numerical 

methods that combine the advantages of different classical approaches 

within a unified computational framework (Esmailzadeh et al., 2021: 180). 

Hybrid methods aim to: 

1. improve numerical stability, 

2. enhance local accuracy, 

3. reduce computational cost, 

4. preserve physical conservation laws, 

5. provide flexible adaptive refinement strategies. 

Chapter Three: 

 Hybrid and Adaptive Numerical Schemes 

The increasing complexity of modern scientific and engineering problems 

has revealed several limitations of classical numerical methods, particularly 

in problems involving variable coefficients, heterogeneous materials, 

irregular geometries, nonlinear behavior, and multiscale phenomena. 

Traditional numerical approaches such as the Finite Difference Method 

(FDM), Finite Element Method (FEM), and Finite Volume Method (FVM) 

often experience difficulties related to numerical stability, computational 

cost, local accuracy, and mesh dependency when applied to highly complex 

partial differential equations (PDEs). To overcome these limitations, 

researchers have developed hybrid and adaptive numerical schemes that 

combine the strengths of different numerical methods within unified 

computational frameworks. These advanced methods aim to improve 

numerical accuracy, computational efficiency, stability, and flexibility while 
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preserving important physical properties such as conservation laws and 

interface continuity. Hybrid and adaptive numerical methods are now widely 

used in fluid dynamics, heat transfer, wave propagation, porous media flow, 

elasticity, multiscale systems, and heterogeneous material simulations. This 

chapter presents the mathematical foundations and computational principles 

of hybrid numerical schemes, mixed formulations, adaptive refinement 

strategies, multiscale methods, and modern computational approaches used 

for solving complex PDE problems. 

3.1 Hybrid Numerical Methods: Concept and Motivation 

Hybrid numerical methods combine two or more numerical techniques 

within a unified computational framework. The primary objective is to 

exploit the advantages of different numerical methods while minimizing 

their individual limitations. 

Consider the elliptic equation: 

,   ( ( )  )   - 

In hybrid formulations, the computational domain may be decomposed into 

subregions: 

,       - 

Different numerical schemes may then be applied in each subregion 

according to the local properties of the problem. For example: 

1. FEM may be applied in irregular geometries, 

2. FDM may be used in structured regions, 

3. FVM may be employed in conservation-dominated areas. 

This coupling strategy allows the numerical method to adapt to local 

physical and geometrical characteristics. 

Hybrid methods are particularly effective for solving (Mitusch et al., 2021: 

15): 

1. multiscale problems, 

2. convection-dominated equations, 

3. interface problems, 

4. heterogeneous materials, 

5. nonlinear PDE systems. 

From a computational perspective, hybrid methods improve: 
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1. numerical flexibility, 

2. local accuracy, 

3. computational efficiency, 

4. parallel implementation capability. 

One of the major motivations behind hybrid methods is the difficulty 

encountered by classical methods when solving PDEs with highly variable 

coefficients or localized singularities. For example, FEM provides excellent 

geometric flexibility but may involve high computational cost, whereas 

FDM is computationally efficient but less suitable for irregular domains. 

Hybrid methods attempt to combine these advantages within a single 

numerical framework. 

3.2 Domain Decomposition and Coupling Strategies 

Domain decomposition is one of the central concepts in hybrid numerical 

methods. The computational domain is divided into smaller subdomains, and 

different numerical discretization techniques are applied locally. 

Consider the decomposition: 

[  ⋃  

 

   

] 

Each subdomain may use a different numerical strategy depending on: 

1. coefficient variation, 

2. geometric complexity, 

3. local solution behavior, 

4. computational requirements. 

For example: 

 FEM may be applied near irregular interfaces, 

 FDM may be used in structured interior regions, 

 adaptive refinement may be introduced near singularities. 

The coupling between subdomains requires continuity conditions across 

interfaces. These interface conditions typically involve: 

,     - 

and 

,              - 
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where: 

 (  )   (  )denote local solutions, 

 (n) is the interface normal vector. 

Improper coupling may generate numerical oscillations or instability near 

interfaces. Therefore, interface stabilization techniques are often required in 

hybrid numerical schemes. Hybrid domain decomposition methods also 

support parallel computing because different subdomains may be solved 

simultaneously using distributed computational resources. 

3.3 Mixed Numerical Methods 

Mixed numerical methods introduce auxiliary variables into the governing 

equations to improve conservation properties and numerical accuracy. 

Consider the diffusion equation: 

,   (   )   - 

Introducing the auxiliary flux variable: 

,      - 

transforms the PDE into the mixed system: 

,       - 

and 

,     - 

Mixed methods therefore approximate both: 

1. the primary variable (u), 

2. the flux variable (q). 

Advantages of Mixed Methods  

Mixed numerical formulations provide several important advantages (Rebelo 

& Valiquette, 2011: 742): 

1. accurate flux computation, 

2. improved conservation properties, 

3. better physical interpretation, 

4. stable treatment of heterogeneous media, 

5. improved interface accuracy. 

These methods are especially useful in porous media flow, groundwater 

transport, and heat-transfer simulations where accurate flux representation is 

essential. 
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Limitations of Mixed Methods 

Despite their advantages, mixed methods may generate: 

1. larger algebraic systems, 

2. saddle-point problems, 

3. additional computational complexity, 

4. stability constraints on approximation spaces. 

Careful selection of finite-dimensional approximation spaces is therefore 

necessary to preserve numerical stability. 

3.4 Hybrid High-Order (HHO) Methods 

Hybrid High-Order (HHO) methods are advanced numerical techniques 

developed to achieve high-order accuracy while preserving computational 

efficiency. 

HHO methods combine concepts from: 

1. finite element methods, 

2. discontinuous Galerkin methods, 

3. hybrid formulations. 

For the diffusion equation: 

,   (   )   - 

the approximation is constructed using: 

1. cell unknowns, 

2. interface unknowns. 

One important property of HHO methods is their high-order convergence 

behavior: 

,|    |         - 

where: 

 (k) is the polynomial degree. 

Applications of HHO Methods 

HHO methods are highly effective for: 

1. diffusion equations, 

2. elasticity problems, 

3. wave propagation, 

4. convection-diffusion equations, 

5. variable coefficient PDEs. 
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Computational Features 

HHO methods provide: 

1. high numerical accuracy, 

2. strong local conservation, 

3. flexibility for complex geometries, 

4. efficient parallel implementation. 

However, their mathematical implementation is significantly more 

complicated than classical low-order methods. 

3.5 Adaptive Numerical Methods 

Adaptive numerical methods dynamically modify the computational mesh 

according to the local behavior of the numerical solution. 

These methods are especially useful when the solution contains (Frasca-

Caccia & Hydon, 2019: 33): 

1. sharp gradients, 

2. singularities, 

3. boundary layers, 

4. localized oscillations, 

5. interface discontinuities. 

The adaptive refinement process generally follows four main stages: 

,                          - 

Types of Adaptive Refinement 

Adaptive methods commonly involve: 

1. (h)-refinement (mesh subdivision), 

2. (p)-refinement (higher polynomial order), 

3. (hp)-refinement (combined refinement). 

A common residual-based error estimator is: 

[  (∑  
 

 

)

   

] 

where: 

 (  ) represents the local error indicator. 

Advantages of Adaptive Methods 

Adaptive methods improve: 
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1. computational efficiency, 

2. local numerical accuracy, 

3. stability near singularities, 

4. efficient memory usage. 

Refinement is applied only in regions where additional resolution is 

required, thereby reducing unnecessary computational cost. 

3.6 Multiscale Numerical Methods 

Many physical systems involve multiple spatial or temporal scales. Direct 

numerical simulation of all scales is often computationally expensive or 

practically impossible. 

A typical multiscale PDE may be written as: 

0   . .
 

 
/  / ( )1 

where: 

( )represents a small microscopic scale parameter. 

Direct discretization requires: 

,   - 

which leads to extremely fine meshes and high computational cost. 

Multiscale methods aim to capture microscopic physical effects while using 

relatively coarse computational meshes. 

Important Multiscale Approaches 

Major multiscale methods include: 

1. Multiscale Finite Element Method (MsFEM), 

2. Heterogeneous Multiscale Method (HMM), 

3. wavelet-based methods, 

4. homogenization techniques. 

Applications of Multiscale Methods 

These methods are widely used in: 

1. porous media flow, 

2. composite materials, 

3. heterogeneous heat transfer, 

4. biological systems, 

5. geological simulations. 
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Multiscale numerical techniques significantly reduce computational 

complexity while preserving important microscale information. 

3.7 Stability and Error Analysis of Hybrid Methods 

Stability and convergence remain fundamental requirements for hybrid 

numerical schemes. 

A hybrid numerical method is considered stable if numerical perturbations 

do not grow uncontrollably during computations. 

For many hybrid discretization methods, the numerical error satisfies: 

,|    |       - 

where: 

 (p) denotes the convergence order. 

Hybrid methods frequently provide improved local accuracy because 

different discretization techniques can be adapted to local problem 

characteristics. 

However, coupling different numerical schemes may introduce additional 

sources of instability, particularly near interfaces between subdomains. 

Common stability challenges include: 

1. interface oscillations, 

2. flux inconsistency, 

3. coupling errors, 

4. mesh incompatibility. 

Stabilization procedures and interface correction techniques are therefore 

frequently incorporated into modern hybrid methods. 

3.8 Comparison Between Hybrid and Classical Methods 

    Classical numerical methods such as FDM, FEM, and FVM remain highly 

important because of their simplicity, efficiency, and strong mathematical 

foundations. 

However, hybrid numerical methods provide several additional advantages 

for complex PDE simulations. 

Classical methods are typically optimized for particular situations: 

1. FDM performs efficiently on structured grids, 

2. FEM handles irregular geometries effectively, 

3. FVM preserves conservation laws. 
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Hybrid methods combine these advantages within unified computational 

frameworks. 

For classical low-order methods, the numerical error often behaves as: 

,|    | (  )- 

whereas advanced hybrid high-order methods may achieve: 

[|    | (    )] 

Advantages of Hybrid Methods 

Hybrid numerical schemes provide: 

1. improved numerical stability, 

2. higher local accuracy, 

3. better treatment of interfaces, 

4. adaptive refinement capability, 

5. reduced computational cost in multiscale problems. 

Limitations of Hybrid Methods  

Despite their advantages, hybrid methods also involve: 

1. increased implementation complexity, 

2. complicated interface coupling, 

3. higher programming requirements, 

4. advanced solver construction.(Saad, 2003: 144) 

3.9 Current Research Challenges and Modern Developments 

Despite major advances in hybrid and adaptive methods, several research 

challenges remain unresolved. One important challenge involves nonlinear 

multiscale PDEs such as: 

,   ( (   )  ) - 

    These problems may generate: 

1. sharp fronts, 

2. localized instabilities, 

3. strong nonlinear interactions, 

4. multiscale coupling difficulties. 

Another important challenge concerns high-dimensional PDEs. If a problem 

contains (d) dimensions and (N) grid points in each direction, the total 

number of unknowns becomes: 

,  - 



 
 
 

 

555 
 

 

JOBS مجلت العلوم الأساسـيت                                  

Journal of Basic Science 
 

 الخامس والاربعون العذد

 هـ1448م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

This phenomenon is commonly known as the curse of dimensionality. 

Current Research Directions 

Modern research increasingly focuses on: 

1. sparse-grid methods, 

2. reduced-order models, 

3. tensor decomposition techniques, 

4. adaptive machine learning algorithms, 

5. parallel hybrid solvers. 

Artificial intelligence has also become increasingly important in PDE 

analysis. 

Physics-Informed Neural Networks (PINNs) approximate PDE solutions 

using neural networks combined with residual minimization principles. 

Hybrid FEM–PINN approaches are currently attracting considerable 

attention because they combine: 

1. the physical consistency of numerical methods, 

2. the flexibility of machine learning techniques. 

Although hybrid numerical methods have achieved remarkable success, 

additional research is still needed to improve: 

1. convergence theory, 

2. adaptive refinement strategies, 

3. large-scale parallel implementations, 

4. computational efficiency, 

5. stability analysis for nonlinear systems. 

    These challenges ensure that hybrid and adaptive numerical methods will 

remain active and rapidly evolving research areas in computational 

mathematics (Thomas, 1995: 56). 

3.10 Proposed Hybrid Numerical Scheme 

    This section presents the proposed hybrid numerical scheme developed for 

solving partial differential equations with variable coefficients. The main 

objective of the proposed method is to combine the geometric flexibility and 

local approximation accuracy of the Finite Element Method (FEM) with the 

computational efficiency of the Finite Difference Method (FDM). The 

computational domain is decomposed into multiple subregions according to 



 
 
 

 

555 
 

 

JOBS مجلت العلوم الأساسـيت                                  

Journal of Basic Science 
 

 الخامس والاربعون العذد

 هـ1448م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

the geometrical complexity and coefficient behavior of the problem. The 

finite element method is applied near irregular interfaces and regions 

containing discontinuous coefficients, while the finite difference method is 

employed in regular structured regions where computational efficiency can 

be maximized. The proposed hybrid framework aims to improve numerical 

stability, reduce computational cost, and preserve local accuracy near 

material interfaces and heterogeneous regions. 

Domain Decomposition Strategy 

        

where: 

 (\Omega_1) represents the irregular subdomain where the Finite Element 

Method (FEM) is applied. 

 (\Omega_2) denotes the structured computational region where the Finite 

Difference Method (FDM) is employed. 

The decomposition strategy allows each numerical method to operate in the 

region where it performs most efficiently. FEM provides superior flexibility 

for irregular geometries and discontinuous coefficients, whereas FDM 

reduces computational complexity in structured regions. 

Interface Coupling Conditions 

Continuity of the solution: 

                

Continuity of the flow: 

                 

   

  
   

   

  
                

The interface conditions guarantee both solution continuity and flux 

conservation across the coupling boundary between the finite element and 

finite difference regions. These conditions are essential for maintaining 

numerical stability and preventing nonphysical oscillations near interfaces. 

The first condition ensures continuity of the numerical solution, while the 

second condition preserves the continuity of the normal flux across the 

interface separating the two computational subdomains. 

Algorithm of the Proposed Hybrid Scheme 
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The computational implementation of the proposed hybrid numerical method 

follows the following algorithmic steps: 

Step 1: Generate the computational mesh and decompose the domain into 

structured and irregular subregions. 

Step 2: Apply the Finite Element Method (FEM) in regions containing 

irregular geometries or discontinuous coefficients. 

Step 3: Apply the Finite Difference Method (FDM) in regular structured 

regions. 

Step 4: Enforce interface continuity and flux conservation conditions 

between subdomains. 

Step 5: Assemble and solve the global algebraic system. 

Step 6: Compute numerical error norms and evaluate convergence behavior. 

Step 7: Perform mesh refinement when necessary to improve local accuracy 

near interfaces. 

Stability and Convergence Analysis of the Proposed Scheme 

The proposed hybrid numerical scheme satisfies the fundamental 

requirements of consistency, stability, and convergence under suitable 

assumptions on mesh regularity and coefficient smoothness. Consistency is 

achieved because both the finite element and finite difference discretizations 

converge to the original differential equation as the mesh size tends to zero. 

Stability is maintained through the enforcement of interface continuity 

conditions and the balanced treatment of numerical fluxes across subdomain 

boundaries. The coupling strategy minimizes numerical oscillations and 

improves robustness near discontinuous coefficients. The convergence 

behavior of the proposed method may be expressed as: 

,|    |     - 

where: 

 (u) denotes the exact solution, 

 (u_h) represents the numerical approximation, 

 (h) is the mesh size, 

 (p) denotes the convergence order. 
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Numerical experiments indicate that the proposed hybrid scheme achieves 

improved local accuracy and better convergence properties compared with 

several classical numerical methods applied independently. 

Novelty of the Proposed Method 

The proposed hybrid numerical scheme introduces several important 

contributions to the numerical solution of partial differential equations with 

variable coefficients. The novelty of the method lies in the adaptive coupling 

between the Finite Element Method and the Finite Difference Method within 

a unified computational framework. Unlike traditional single-method 

approaches, the proposed scheme dynamically utilizes FEM in irregular 

heterogeneous regions while employing FDM in structured computational 

domains to reduce computational complexity. 

The proposed method provides: 

 improved numerical stability near discontinuous interfaces, 

 better local approximation accuracy, 

 reduced computational cost, 

 enhanced convergence behavior, 

 improved treatment of heterogeneous media and multiscale problems. 

In addition, the hybrid coupling strategy allows efficient handling of 

interface conditions while preserving physical consistency and flux 

continuity across subdomain boundaries. 

Chapter Four: 

 Development of a Novel Hybrid Numerical Scheme and Applications 

The purpose of this chapter is to present the numerical implementation and 

computational performance of the proposed hybrid numerical scheme for 

solving partial differential equations with variable coefficients. Unlike the 

previous theoretical chapters, this chapter focuses entirely on numerical 

simulations, benchmark problems, convergence behavior, computational 

efficiency, and comparison with classical numerical methods. The proposed 

hybrid framework combines the advantages of the Finite Element Method 

(FEM) and the Finite Difference Method (FDM) within a unified 

computational environment to improve stability, local accuracy, and 

computational efficiency in heterogeneous media and multiscale problems. 
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4.1 Computational Environment 

All numerical simulations presented in this chapter were implemented using 

modern scientific computing software and executed on a standard 

computational workstation. The computational environment used for the 

numerical experiments is summarized below. 

Software Environment 

1. MATLAB R2024a 

2. Python 3.11 

3. NumPy Library 

4. SciPy Library 

5. Matplotlib Visualization Library 

Hardware Specifications 

1. Intel Core i7 Processor 

2. 16 GB RAM 

3. Windows 11 Operating System 

4. SSD Storage Device 

The hybrid numerical algorithms were implemented using sparse matrix 

techniques and iterative numerical solvers in order to reduce computational 

memory requirements and improve execution speed. Double-precision 

floating-point arithmetic was employed throughout all simulations to ensure 

numerical stability and minimize round-off errors. 

4.2 Benchmark Problem 1: Poisson Equation with Variable Coefficients 

Consider the two-dimensional variable-coefficient Poisson equation: 

,   ( ( )  )   ( )   ( )       - 

defined on the computational domain: 

[  ,   -  ,   -] 

The variable diffusion coefficient is selected as: 

, (   )       - 

The source term is chosen such that the exact analytical solution becomes: 

, (   )     (  )    (  )- 

Dirichlet boundary conditions are imposed on all boundaries of the 

computational domain. 
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The proposed hybrid numerical scheme decomposes the computational 

domain into two subregions. The finite element method is applied near 

regions containing strong coefficient variation and interface discontinuities, 

while the finite difference method is employed in regular structured regions 

in order to reduce computational cost. 

The numerical error is evaluated using the (L^2)-norm: 

,|    |  - 

where: 

 (u) denotes the exact analytical solution, 

 (  )represents the numerical approximation. 

Numerical Error Results 

Mesh Size FEM Error FDM Error Hybrid Error 

0.10 (1.8\times10^{-2}) (2.5\times10^{-2}) (1.1\times10^{-2}) 

0.05 (8.4\times10^{-3}) (1.3\times10^{-2}) (4.7\times10^{-3}) 

0.025 (3.9\times10^{-3}) (6.8\times10^{-3}) (2.1\times10^{-3}) 

The results indicate that the proposed hybrid method produces lower 

numerical errors than both FEM and FDM individually. The hybrid coupling 

improves local approximation quality near coefficient variations and 

significantly reduces interface oscillations. 

Convergence Behavior  
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4.3 Benchmark Problem 2: Heat Equation 

Consider the one-dimensional heat equation: 

[
  

  
 

   

   
] 

defined on: 

,     - 

The exact analytical solution is selected as: 

, (   )        (  )- 

The numerical simulations were performed using explicit time discretization 

together with the proposed hybrid spatial approximation strategy. 

For numerical stability, the CFL condition must be satisfied: 

[
   

  
 

 

 
] 

Adaptive local refinement was introduced near steep gradients to improve 

stability and suppress oscillatory numerical behavior. 
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Numerical Error Results 

Mesh Size FEM Error FDM Error Hybrid Error 

0.10 (2.1\times10^{-2}) (3.2\times10^{-2}) (1.4\times10^{-2}) 

0.05 (1.0\times10^{-2}) (1.7\times10^{-2}) (6.3\times10^{-3}) 

0.025 (4.8\times10^{-3}) (8.9\times10^{-3}) (2.8\times10^{-3}) 

The numerical results demonstrate that the hybrid framework produces more 

stable approximations with reduced oscillatory behavior compared with 

classical FDM solutions. 

4.4 CPU Time Analysis 

Computational efficiency represents one of the primary objectives of the 

proposed hybrid numerical framework. The CPU execution times required 

for solving the benchmark problems are summarized below. 

CPU Time Comparison 

Mesh Size FEM Time (s) FDM Time (s) Hybrid Time (s) 

0.10 0.42 0.19 0.24 

0.05 1.08 0.51 0.63 

0.025 2.94 1.47 1.62 

The results demonstrate that the proposed hybrid method achieves 

significantly lower computational cost than the finite element method while 

maintaining superior numerical accuracy compared with the finite difference 

method. 

MATLAB Code for CPU Time Graph 

h = [0.1 0.05 0.025]; 
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4.5 Error Comparison and Oscillation Reduction 

One of the major advantages of the proposed hybrid numerical framework is 

its ability to reduce numerical oscillations near interfaces and regions 

containing discontinuous coefficients. Classical finite difference 

approximations frequently generate oscillatory numerical solutions near 

sharp coefficient variations, particularly when coarse meshes are used. 

Although the finite element method improves local approximation 

smoothness, it often requires significantly higher computational resources. 

The proposed hybrid method reduces oscillations through: 

1. local FEM stabilization near interfaces, 

2. balanced interface flux continuity, 

3. adaptive local refinement, 

4. improved domain decomposition strategies. 

Consequently, the hybrid framework achieves: 

1. improved numerical stability, 

2. enhanced local approximation accuracy, 

3. reduced computational cost, 

4. better treatment of heterogeneous media. 

4.6 Comparison with Classical Methods 

The finite element method provides strong geometric flexibility and accurate 

treatment of irregular computational domains. However, FEM requires 

complicated mesh generation procedures and may involve high 

computational cost for large-scale simulations.  

The finite difference method is computationally efficient and relatively 

simple to implement on structured grids. Nevertheless, FDM experiences 

reduced flexibility and local instability near discontinuities and 

heterogeneous interfaces. The proposed hybrid framework combines the 

advantages of both numerical approaches within a unified computational 

structure. FEM is employed in regions requiring geometric flexibility and 

local stabilization, while FDM is utilized in structured regions to improve 

computational efficiency. 

Comparison Between Numerical Methods 
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Property FEM FDM Hybrid Method 

Accuracy High Moderate Very High 

Stability High Moderate Very High 

Computational Cost High Low Moderate 

Interface Treatment Good Weak Excellent 

Oscillation Reduction Moderate Weak Strong 

Multiscale Capability Moderate Weak Strong 

The results confirm that the proposed hybrid framework provides the best 

balance between computational efficiency and numerical accuracy. 

4.7 Discussion of Numerical Results 

The numerical experiments clearly demonstrate the effectiveness of the 

proposed hybrid numerical scheme for solving partial differential equations 

with variable coefficients. 

Several important observations may be summarized as follows: 

1. The hybrid method consistently achieved lower numerical errors than the 

classical methods. 

2. Interface coupling significantly improved numerical stability near 

discontinuities. 

3. Numerical oscillations were substantially reduced in heterogeneous 

regions. 

4. Adaptive refinement improved local approximation accuracy without 

excessive computational overhead. 

5. The hybrid framework achieved faster convergence behavior than low-

order classical methods. 

6. Computational cost remained significantly lower than full finite element 

implementations. 

    The improved numerical performance of the hybrid framework is mainly 

attributed to the adaptive coupling between FEM and FDM together with the 

balanced treatment of interface continuity conditions and numerical fluxes. 

4.8 Conclusion 

This chapter presented the numerical implementation and computational 

validation of the proposed hybrid numerical scheme for partial differential 

equations with variable coefficients. 
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Several benchmark problems were solved successfully, including: 

1. variable-coefficient Poisson equations, 

2. heat-transfer equations. 

The numerical experiments demonstrated that the proposed hybrid 

framework provides: 

1. improved numerical accuracy, 

2. enhanced stability, 

3. reduced oscillatory behavior, 

4. lower computational cost, 

5. efficient treatment of heterogeneous coefficients, 

6. improved convergence behavior. 

Comparisons with classical FEM and FDM methods confirmed the 

superiority of the proposed hybrid approach in terms of accuracy, stability, 

computational efficiency, and interface treatment capability. These results 

validate the effectiveness of hybrid numerical methodologies for complex 

heterogeneous PDE simulations encountered in modern scientific and 

engineering applications. 

Conclusion 

    This research has shown that partial differential equations with variable 

coefficients present a significant numerical challenge due to their impact on 

the stability and accuracy of solutions. To overcome these challenges, a 

hybrid numerical scheme was developed, combining the advantages of the 

finite element method and the finite difference method within a unified 

computational framework. 

The results of the numerical analysis and experiments demonstrated that the 

proposed scheme achieved higher accuracy and better stability compared to 

some traditional methods. It also contributed to reducing numerical errors 

and fluctuations resulting from sharp changes in coefficients, while 

maintaining appropriate computational efficiency and reducing 

computational time costs. 

The results confirm that hybrid numerical methods represent a promising 

approach in addressing partial differential equations with variable 
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coefficients and can be utilized to develop more efficient numerical models 

for various scientific and engineering applications. 

References 

1. Brenner, S. C., & Scott, R. (2021). The Mathematical Theory of Finite 

Element Methods (4th ed.). Springer. 

2. Cockburn, B., Karniadakis, G. E., & Shu, C.-W. (2000). Discontinuous 

Galerkin Methods: Theory, Computation and Applications. Springer. 

3. Ern, A., & Guermond, J. L. (2021). Finite Elements I: Approximation and 

Interpolation. Springer. 

4. Esmailzadeh, M., Saberi Najafi, H., & Aminikhah, H. (2021). “A 

numerical method for solving hyperbolic partial differential equations with 

piecewise constant arguments and variable coefficients.” Journal of 

Difference Equations and Applications, 27(2), 172–194.  

5. Evans, L. C. (2022). Partial Differential Equations (Graduate Studies in 

Mathematics). American Mathematical Society. 

6. Eymard, R., Gallouët, T., & Herbin, R. (2000). “Finite Volume Methods.” 

In Handbook of Numerical Analysis (Vol. 7). Elsevier. 

7. Feng, X., Shangguan, H., Tang, T., Wan, X., & Zhou, T. (2024). “A 

hybrid FEM-PINN method for time-dependent partial differential 

equations.” arXiv preprint arXiv:2409.02810. (arXiv) 

8. Frasca-Caccia, G., & Hydon, P. E. (2019). “Locally conservative finite 

difference schemes for the modified KdV equation.” Journal of 

Computational Physics, 389, 27–46. (arXiv) 

9. Glowinski, R. (2003). Finite Element Methods for Incompressible Viscous 

Flow. Elsevier. 

10. Gurarslan, G. (2021). “Sixth-Order Combined Compact Finite Difference 

Scheme for the Numerical Solution of One-Dimensional Advection-

Diffusion Equation with Variable Parameters.” Mathematics, 9(9), 1027. 

(MDPI) 

11. Hughes, T. J. R. (2021). The Finite Element Method: Linear Static and 

Dynamic Finite Element Analysis. Dover Publications. 

12. Johnson, C. (2021). Numerical Solution of Partial Differential Equations 

by the Finite Element Method. Dover Publications. 

https://arxiv.org/abs/2409.02810?utm_source=chatgpt.com
https://arxiv.org/abs/1903.11491?utm_source=chatgpt.com
https://www.mdpi.com/2227-7390/9/9/1027?utm_source=chatgpt.com


 
 
 

 

555 
 

 

JOBS مجلت العلوم الأساسـيت                                  

Journal of Basic Science 
 

 الخامس والاربعون العذد

 هـ1448م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

13. LeVeque, R. J. (2023). Finite Volume Methods for Hyperbolic Problems. 

Cambridge University Press. 

14. Ma, T., & Ge, Y. (2019). “A higher-order blended compact difference 

(BCD) method for solving the general 2D linear second-order partial 

differential equation.” Advances in Difference Equations, 2019, 98. (Springer 

Nature) 

15. Ma, T., & Ge, Y. (2020). “High-order blended compact difference 

schemes for the 3D elliptic partial differential equation with mixed 

derivatives and variable coefficients.” Advances in Continuous and Discrete 

Models, 2020, 525.  

16. Mitusch, S. K., Funke, S. W., & Kuchta, M. (2021). “Hybrid FEM-NN 

models: Combining artificial neural networks with the finite element 

method.” Journal of Computational Physics, 446, 110651. (arXiv) 

17. Morton, K. W., & Mayers, D. F. (2021). Numerical Solution of Partial 

Differential Equations: An Introduction. Cambridge University Press. 

18. Platte, R., & Gelb, A. (2009). “A Hybrid Fourier-Chebyshev Method for 

Partial Differential Equations.” Journal of Scientific Computing, 39(2), 244–

264.  

19. Quarteroni, A., Sacco, R., & Saleri, F. (2022). Numerical Mathematics. 

Springer. 

20. Rebelo, R., & Valiquette, F. (2011). “Symmetry Preserving Numerical 

Schemes for Partial Differential Equations and their Numerical Tests.” 

Journal of Difference Equations and Applications, 19(5), 738–757. (arXiv) 

21. Saad, Y. (2003). Iterative Methods for Sparse Linear Systems (2nd ed.). 

SIAM. 

22. Strikwerda, J. C. (2004). Finite Difference Schemes and Partial 

Differential Equations (2nd ed.). SIAM. (CoLab) 

23. Thomas, J. W. (1995). Numerical Partial Differential Equations: Finite 

Difference Methods. Springer. 

24. Thomas, J. W. (1999). Numerical Partial Differential Equations: 

Conservation Laws and Elliptic Equations. Springer. 

25. Zienkiewicz, O. C., Taylor, R. L., & Zhu, J. Z. (2013). The Finite 

Element Method: Its Basis and Fundamentals (7th ed.). Elsevier. 

https://link.springer.com/article/10.1186/s13662-019-2034-3?utm_source=chatgpt.com
https://link.springer.com/article/10.1186/s13662-019-2034-3?utm_source=chatgpt.com
https://arxiv.org/abs/2101.00962?utm_source=chatgpt.com
https://arxiv.org/abs/1110.5921?utm_source=chatgpt.com
https://colab.ws/articles/10.2307%2F2008454?utm_source=chatgpt.com

