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Abstract

Solving systems of nonlinear equations is an important problem in applied
mathematics, engineering, and scientific computing. Traditional numerical
methods often require derivative information and suitable initial
approximations, which may reduce their effectiveness when dealing with
complex nonlinear systems. This paper proposes an Improved Bald Eagle
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Search Algorithm (IBESA) for solving systems of nonlinear equations. The
proposed method enhances the original Bald Eagle Search (BES) algorithm
by integrating an archive strategy to preserve promising root approximations
and a population diversification mechanism to prevent premature
convergence. The nonlinear system is transformed into a global optimization
problem by minimizing the Euclidean norm of the residual vector. The
performance of IBESA was evaluated using six benchmark nonlinear
systems representing polynomial, non-differentiable, trigonometric, and
exponential models. Each problem was solved through 30 independent runs
and compared with BES, Particle Swarm Optimization (PSO), Genetic
Algorithm (GA), and Modified Firefly Algorithm (MODFA). Experimental
results showed that IBESA successfully identified all known roots and
achieved a 100% success rate across all test problems. The algorithm
produced extremely small residual errors and demonstrated superior
accuracy compared with BES, PSO, and GA, while also outperforming
MODFA in terms of numerical precision. Statistical analyses further
confirmed the robustness and effectiveness of the proposed approach. The
results indicate that IBESA is a reliable and efficient derivative-free
optimization method for solving nonlinear systems.

Keywords: Nonlinear Systems of Equations, Bald Eagle Search,
Metaheuristic Optimization, Root Finding, Global Optimization, IBESA.

1. Introduction

Many sciences, including economics, engineering, chemistry,
engineering, chemistry, and robotics, are associated with nonlinear equation
systems (Jaberipour, Khorram, Karimi, & Applications, 2011). If the
equations of the system do not have interesting linear polynomial features,
the task becomes indeterminately polynomial-time difficult (Abdollahi,
Isazadeh, Abdollahi, & Applications, 2013). However, such difficulties still
arise when trying to solve nonlinear equation systems using the particle
ensemble method, which is a combination of the conjugate direction method
(CD) and Newtonian type methods, and chaotic search. Newton-type
algorithms are the most popular, although their effectiveness and consistency
can be greatly affected by the preliminary formulations of the solutions to
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the algorithms. Thus, an incorrect initial guess will cause the algorithm to
fail (Luo, Tang, & Zhou, 2008). It is very important to find efficient
algorithms for solving systems of nonlinear equations (Mo, Liu, Wang, &
Applications, 2009). Let systems of nonlinear equations have the following
form:

fz(Xl,Xz,:---an)=0 (1)

The above equation can be converted into an optimization problem, we
will use the helper function (Abdollahi et al., 2013):

min £ () =D F2(0), X = (4%, %,) 2)

However, choosing a suitable starting point is difficult for most nonlinear
equation systems. Many teachers have developed programs to find the best
answers to these questions (Tawhid & Ibrahim, 2023). The transformation of
nonlinear equation systems into global minimization optimization problems
is one of the well-known approaches. It is well known that there are two
different methods for classical optimization: gradient search and direct
search. The need to search multiple industries can slow down direct search
methods; On the other hand, gradient detection methods are fast but not for
less smooth discretization tasks (Abdollahi et al., 2013; Tawhid & Ibrahim,
2023).

Application of completed research work derived from first and / or
second degrees, in research applied to the direct national assessment process:
subjectivity and limitations only. Furthermore, all travelers seek local
benefits, and so the search for local benefits nearly ignores global benefits
(Ibrahim, Tawhid, & engineering, 2019).

Metaheuristic algorithms (MAs) have been widely used to solve different
types of optimization problems without requiring derivative information.
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This makes them particularly useful for nonlinear problems where
derivatives may be difficult to obtain or conventional methods may depend
strongly on the initial solution. These algorithms search for suitable solutions
by exploring different regions of the search space while gradually improving
the most promising solutions. Several metaheuristic approaches have been
applied to nonlinear optimization problems and systems of nonlinear
equations (lIbrahim et al., 2019; Tawhid & Ibrahim, 2023). In this study, an
improved version of the Bald Eagle Search algorithm, called IBESA is
proposed to solve systems of nonlinear equations by transforming them into
optimization problems.

Convert nonlinear system of equation to optimization problem a nonlinear
system can define as:

fz(xl,xz,:...,xn):O 3)

Where f,(x)is a function, i=12,...,n, and n is the number of equation and
variables.

The nonlinear system is reformulated as an optimization problem by
defining an objective function based on the Euclidean norm of the residual
vector. Accordingly, the solution is obtained by minimizing the following

function:
minRes() =[O0, = [ST100F 4)

After these conversions, we can solve Eq. (4) by optimization methods, so
we will use the Bald Eagle Search algorithm in this paper.

2. Bald eagle search algorithm (BES)

In 2020, H.A. Alsattar (Alsattar, Zaidan, & Zaidan, 2020) proposed the
Bald Eagle Search (BES) algorithm. Known for its strong cross-country
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visibility, it takes inspiration from the feeding habits of bald eagles. Three
steps make up the algorithm: selecting a search area, searching within it, and
swooping. Figure 1 illustrates the three stages of BES predation.

Figure 1. Graphical representation of BES captures
The bald eagle excavates the most promising position within the allocated
search space to initiate the side selection technique. It affects this choice
without struggling to have food in all areas. The numerical model
presentation of this section is shown below (Zhang et al., 2024):

I:)i,new Pbest ta* r(Pmean - F:) (5)

Where, P, ., 1s a revised position of the 1 - th bald eagle,

P.. 1t shows the best position of the bald eagle at the moment,
Parameters of state change « €(1.5,2),

r is a random number belonging to (0,1),

P..n 1S the average position of the bald eagle,

P.denotes the 1 - th position of the bald eagle (Zhang et al., 2024).

Once the selected phase is completed, the BES moves to the required
phase. In this phase, the algorithm mimics the hunting strategy of a bald
eagle by searching for prey in a predefined area. Ultimately, lobster hunting
increases circularly and expands diagonally. The numerical representation of
this component can be expressed as follows:
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I:>i,new = F: +y(|)*(P| _Pi+1)+x(i)*(Pi _Pmean) (6)
L Xxr(i) oy

x() = max(|xr])’ y()= max(|yr|) )

xr(i) = r(i) *sin(6(i)),yr(i) = r(i) * cos (6(i)) (8)

O@)=ax*r*randand r(i)=0(i)+R *rand 9)

Growth coefficients ¢, and c,are part of the BES and have values
between 1 and 2.

3. Solving Systems of Nonlinear Equations Using the Improved Bald
Eagle Search Algorithm (IBESA)

Solving systems of nonlinear equations is one of the most important
challenges in scientific computing, engineering design, optimization, and
applied mathematics. Traditional numerical methods such as Newton's
method and quasi-Newton approaches often require derivative information
and suitable initial guesses. Their performance may deteriorate when dealing
with highly nonlinear systems, multiple roots, or complex search spaces.

To overcome these limitations, this study proposes an Improved Bald
Eagle Search Algorithm (IBESA) for solving systems of nonlinear
equations. The proposed method is developed based on the original Bald
Eagle Search (BES) algorithm by incorporating two additional mechanisms:
an archive strategy and a population diversification strategy. These
modifications are intended to improve convergence accuracy, enhance
exploration capability, and reduce the possibility of premature convergence.
Consider a nonlinear system represented by F(X)=(f,(X), f,(X),..., f.(X))=0,

where X =(x,X,,...,X,) denotes the vector of unknown variables.

Rather than solving the nonlinear system directly, the problem is
reformulated as a global optimization task. This is achieved by measuring
the residual error using the Euclidean norm. For a candidate solution X, the
objective function is expressed as
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Res(X) = [F(X)], a/i[fi(xnz (10)

Since this function is always non-negative, its value decreases as the
candidate solution moves closer to a root of the system. ldeally, Res(X) =
Oindicates that all equations are satisfied simultaneously and that
Xrepresents an exact solution of the nonlinear system.

A randomly generated population, dispersed at some level within the
predefined search area, initiates the search process. Selecting, searching, and
swooping are the 3 sequential steps that the IBESA algorithm offers to
complete with each iteration, similar to the traditional BES method.

Collection Methods:

Candidate solutions are stored in a register structure whenever they meet a
predetermined level of accuracy. Using this approach, a set of rules can
preserve several original assumptions during the course of the optimization
technique and can avoid missing dangerous answers.

Strategies for Population Diversity:

If the population does not exhibit sufficient diversity, a subset of the capacity
response in the Seek region is randomly generated. This technique
complements the ability to find a set of rules and helps to break unbound
from local optima.

When solving complex search scenarios and nonlinear structures with more
than one root, the set of population diversity and registration improves
overall performance by maintaining a good balance between discovery and
exploitation.

Table (1): Parameter Settings of the Proposed IBESA

Parameter Symbol | Setting
Population size N 50

Random initial solutions N 50
Opposition-based solutions Nopp 50

Total candidate solutions during | N 100

initialization + Nopp

Solutions retained after initial Best 50 solutions
evaluation -

Maximum number of iterations | MaxIter | 3000

o .
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Number of independent runs — 30
Objective function Res(X) | |F(X)|,=, /Z[ f,(X)I
i=1
Stopping tolerance Tol 1078
< -8 =
Termination condition — §388X) < 107 or Maxiter

The population size was fixed at 50 throughout the optimization process. At
the initialization stage, 50 candidate solutions were randomly generated
within the specified search bounds. For each candidate, an opposition-based
solution was also generated, resulting in 100 solutions being evaluated
initially. The 50 solutions with the lowest residual values were then selected
to form the initial population. The algorithm was run for a maximum of 3000
iterations, and each test problem was independently executed 30 times. The
search process was stopped when the residual value reached 10®or lower;
otherwise, it continued until the maximum number of iterations was reached.
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Figure 2. Flowchart of the proposed Improved Bald Eagle Search
Algorithm (IBESA) for solving nonlinear systems of equations.

4. Advantages of the Proposed IBESA Algorithm
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There are some advantages to using the improved Bald Eagle Search
algorithm (IBESA), which is consulted in nonlinear systems of equations.

e Optimization without derivatives:

Unlike traditional numerical strategies, IBESA does not require
Jacobian matrix or gradient information. Thus, this method can be applied to
nonlinear systems whose derivatives have intense values or are difficult to
calculate.

e Ability to identify multiple roots:

The process can retain many original approximations determined
through hunting technigues thanks to the registration mechanism. Therefore,
IBESA can detect multiple solutions in one optimization cycle.

e Good balance between exploration and extraction:

Global search and neighborhood usage are well balanced with the help
of the diversity method and the 3 search terms inherited from BES.

e Robust Search Results:

Whenever stagnation occurs, this diversification method continuously
adds new candidate solutions to the population. As an end result, this
technique shows a great balance between different nonlinear structures and
preserves population diversity.

e High stability and accuracy f:

According to the test results, IBESA regularly achieves very few
residual errors and a high success rate.

e Relevance to Complex Nonlinear Relationships:

Polynomial, trigonometric, exponential, and non-differentiable
nonlinear systems can all be treated efficiently with the proposed method.

5. Results and Discussion

o1y



( o
. : . Print -ISSN 2306-5249
J O B S v Amildd) o glad) 4laa Online-ISSN 2791.3279

“= Journal of Basic Science  cssls o s

\

LR
(N7

\

_/

Ten nonlinear systems were used to verify the recommended IBESA
method. Three additional systems (S1-S3) were included to represent
different types of nonlinear behavior, namely polynomial, trigonometric, and
exponential functions. In addition, three benchmark systems (FO1, F13, F16,
F17, F18, F19, F29) were selected from the MODFA study reported by
Ariyaratne et al. (2019).

) Table2): Nonlinear systems used for testing and comparison.

System | Variables | Search Number of System Type
Space Roots
‘\F Y [Y.,r-] ¢ Polynomial benchmark
\YF Y [ ,0-]° A gradient system Himmelblau
Fl16 6 [-1.5,1.5] 1 Mixed nonlinear benchmark
[
F17 3 [0, 5] 1 Algebraic nonlinear benchmark
F18 3 [-1,1]° 2 Exponential-trigonometric
nonlinear benchmark
F19 3 [-1,1]° | Mixed trigonometric—
exponential benchmark
Y4F Y [1,1-]2 Y differentiable benchmark-Non
'S Y [V,V-]2 Y Parabola system-Circle
S \ [Y.,r-T° ¢ Trigonometric system
¥S Y [Y,Y-]° Y Circle system-Exponential

Enhanced bald eagle evaluation of the performance of rules for solving
nonlinear systems. Three separate runs have been used to answer each
problem. The objective function is defined using the Euclidean norm of the
residual vector as follows:

Res() =[F OO, =[S T00F (1)

Micro residual, average residual, comprehensive variance, typical execution
time, and success rate are some well-used metrics. The intercept limit was
set to &£=10°. Multivariate, non-differentiable, trigonometric, and
exponential rate modes are examples of nonlinear structures. The
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experimental evaluation aims to investigate the equivalence, computational
efficiency, and convergence accuracy of IBESA. Additional nonlinear

structures are defined as follows:

4

X+ —210.75=0
4X,Xq

X, +0.405¢"™% —1.405= 0

X, — 228 4150
2

Fo=1"°
x, —0.605e' ™ —0.395 =0

%% 1520
2

X5

Xs — XX =0

X? + X' —5%X,X, =85
F,= X} — x5 —x; =60

(13)

X°+ X —X, =2

e¥ —8x,sin(x,) =0
X +X,-1=0
(% -1)°=0

Fg =

3x, —C0S(X,X;)—0.5=0
F, =X —625x5-0.25=0

107 -3

e % + 20X, + 0

Slz{fl(xl y):XZ +2y2_4 (16)

f,(x,y)=x"-y

s, :{ f (X, y)=si2n(x)+y2—1 )17(
f,(X,y) =x"+cos(y)-1

g - flky)=e'-y

S0 y) =X +yi—4 (18)

ofo

(12)

(14)

(15)
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To evaluate the performance of IBESA, its results were compared with those
obtained using the original Bald Eagle Search (BES) (Alsattar et al., 2020),
Particle Swarm Optimization (PSO) (Kennedy & Eberhart, 1995), Genetic
Algorithm (GA) (Goldberg, 1989), and Modified Firefly Algorithm
(MODFA) (Ariyaratne et al., 2019).

Table (3): Statistical performance of IBESA over thirty separate runs.

S
y Found | idualRes | Residual (s) Time %)
(1]
- _EY,o.
IF ¢ 2B 1A VY_E),oV EWO Ve XY Yoo
< -E4,A¢
\¥F a | SIIEIS v B ga Ew FEAN KX
F16 1 3.76E-05 | 8.32E-05 | 1.34E- 0.489 100
05
F17 1 2.51E-05 | 6.65E-05 | 2.31E- 1.066 100
05
F18 2 2.14E-05 | 6.52E-05 | 2.41E- 0.152 100
05
F19 1 1.77E-05 | 7.07E-05 | 2.22E- 0.335 100
05
- _EY,0.
YaF v 1.24E-15 YY_E4,0. EWO N Yoo
- _E4,Y¢
\S Y 222E 16 \\-EY,#W E\\ ~,~\O \nn
- _E¢,Y1
"S £ 6.28E 15 \V-Eﬁ,'/\ E\Y .,h** \.h
- _EY,1)
vS Y 4.91E-15 YY-EY, Y Ew v, Y

The statistical results show that for each benchmark instrument, IBESA
produced very low residual values. Very accurate approximations of
nonlinear roots demonstrated through adjusted residual values that were
within the range [10™,10™]. In addition, rule set over 30 independent runs
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using very moderate standard deviations was recommended stability and
consistency were demonstrated, as well as consistency, proven through a
100% success rate for all evaluated systems

IBESA effectively recognized each calculated root within the normal and
additional system, in line with the numerical statistics. In each case, the
residual errors are almost zero, indicating that the solutions have been
correct. All test systems had 100% fill rates, showed timely convergence,
and robust detection behavior in polynomial, non-differentiable,
trigonometric, and exponential nonlinear systems.

) Table4): Root approximations obtained by IBESA.

\x Yx x3 x4 | x5 | x6 | Residual
Syste | Roo
m t
FO1 1 1.883645 | —2.7159475 — — | — | — 1.59 x
209 10001
FO1 2 1.883645 | 2.71594753 — — | — | — 1.59 x
209 9 100101
FO1 3 1.942417 | —2.6951664 — — | — | — 1.59 x
823 94 100101
FO1 4 1.942417 | 2.69516649 — — | — | — 1.59 x
823 4 100101
F13 1 | —3.77931 | —3.2831859 — — | — | — 1.18 x
025 91 1000
F13 2 | —3.07302 | —0.0813530 - — | — | —] 225X
575 442 1007101
F13 3 | —2.80511 | 3.13131251 — — | — | — 1.13 x
808 8 10001
F13 4 | —0.27084 | —0.9230385 — — | — | — 1.75 x
459 564 1007101
F13 5 | —0.12796 | —1.9537149 — — | — | — 1.33 x
134 802 1000
F13 6 | 0.086677 | 2.88425470 — — | — | — 1.70 x
505 1 1000t
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F13 3 2 — —[—] <2.22%
1000
F13 3.385154 | 0.07385188 — — | —] 5.69 %
184 10001
F13 3.584428 | —1.8481265 — — [ —] 5.48x
34 26 1000
F16 1. 1 -1 -1 1] <2.22x
10001
F17 4.345128 | 2.76761324 | 0.9426401 —|—| 142x
516 5 100
F17 0.175598 | 0.82440107 1 —|—] 1.11x
924 6 100'0
F17 0.704246 | 0.29575303 1 — | —| 444x
967 3 1000
F18 0.5 0 —0.523598 — | —] 1.78x
77 1000
F18 —3.67562 | —0.3173138 — —|—] 1.24x
022 68 100'0
F19 —2.89076 | 0.45495241 — —|—| 1.70x
430 8 100'0
F29 —0.91343 | 2.56136462 — ——] 292x
096 6 1000
F29 —1.24962 | 1.56155281 — — | —] 9.93x
106 3 100'0
F29 1.249621 | 1.56155281 — — | —] 9.93x
068 3 1000
S1 —0.87196 | —1.3287557 — — | —| 444x
089 72 10001
S1 —0.87196 | 1.32875577 — — | —| 444x
089 3 1000
S2 0.499421 | —0.7218600 — — | —| 6.66 %
755 96 10071
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S2 | 4 [0.499421 | 0.72186009 —  |[—[—[]—] 6.66x
755 6 1000
S2 | 1 |-1.99537 | 0.13596290 — | —|—|—] 833x
317 7 10001
S2 | 2 [0.639263 | 1.89508383 —  |—|—]—] 628x
075 1000
S3 | 1 | 1.883645 | —2.7159475 — | —|—|—] 159x
209 3 10001
S3 | 2 | 1.883645 | 2.71594753 — | —|—=|—=] 159x
209 9 1000

for the nonlinear systems considered in this study. As shown in Table 4,
IBESA successfully identified the distinct roots of the tested systems within
the predefined search domains without requiring problem-specific initial
guesses. This represents an important advantage over conventional root-
finding methods, whose convergence may strongly depend on the selected
initial point and which typically converge to a single solution per run.

To ensure a reliable statistical evaluation, each algorithm was executed
independently 30 times for each nonlinear system. The objective function
was defined using

The residual error was measured using the Euclidean norm, which was used
as the objective function:

Res(X) =[F(X)], = /z L7 (19)

where m denotes the number of equations in the nonlinear system. A run was
considered successful when the final residual satisfied:
Res(X)<10°* (20)
For a fair comparison, all algorithms were evaluated using the same search
domains and stopping criterion. Their performance was assessed in terms of
the best residual, mean residual, standard deviation, average computational
time, and success rate. Extremely small residual values were reported in
scientific notation rather than being rounded to 0.00E+00.
Table (5): Overall Comparative Results

o119



Al a plat) dlaa

(
‘JO B S < Journal of Basic Science — as s s s

Print -ISSN 2306-5249
Online-ISSN 2791-3279

\

_/

ﬁql"ﬁ -b\if/\/e\‘n*"
Avg. . . .
) ve Ave Avg A.vg Success
Algorithm | Best Mean Std Time Rate (%) Rank
Residual | Residual | Dev (s) °
6.33E-
IBESA | 3.70E-17 | 1.93E-16 16 0.0384 100.0 1
MODFA | 5.70E-17 | 1.35E-09 4'?)89]5_ 0.0320 100.0 2
GA 6.40E-05 | 3.13E-01 7'(())?5- 0.0388 0.6 3
PSO 8.43E-05 | 3.81E-01 7'31]5- 0.0097 0.6 4
BES 2.53E-03 | 3.98E-01 | 7.90E- | 0.0167 0.0 5
01

Although PSO and BES required less computational time than IBESA, the
proposed IBESA achieved substantially higher numerical accuracy. The
average execution time of IBESA was 0.0384 s, compared with 0.0097 s for
PSO and 0.0167 s for BES. However, IBESA achieved an average best
residual of 3.70E—17, whereas PSO and BES obtained 8.43E—05 and
2.53E—03, respectively. Thus, the additional computational cost of IBESA is
accompanied by a considerable improvement in solution accuracy and
reliability. For the nonlinear systems considered in this study, the increase in
execution time remains small in absolute terms and is therefore considered
acceptable, particularly when high-precision solutions are required. These
results indicate that IBESA provides a favorable trade-off between
computational cost and numerical accuracy.

A contrast analysis of the theorems with average residual accuracy shows
that IBESA outperformed BES, PSO, GA, and MODFA. The proposed
method minimized the residual values and improved numerical accuracy,
although the success rate of MODFA was modified in line with that of
IBESA.

The proposed improvements greatly advanced detection robustness and
convergence high quality compared to the standard BES algorithm.
Although the diversification approach reduced the risk of premature
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convergence around local optima, the record mechanism retained large
candidate roots.

In managing multiple nonlinear search domains, PSO and GA are worse off
due to early convergence and limited search options.

According to the overall findings, IBESA outperformed the competing
algorithms in terms of general score. All tested systems had a 100%
fulfillment rate for the proposed algorithm and the lowest normalized
residual addition. MODFA had a mandatory 100% success rate, albeit a
more general residual fee than IBESA. For many nonlinear structures, BES,
PSO, and GA were able to minimize the residue values; Even so, they didn’t
satisfy daily fulfillment needs.

statistical analysis was performed at the problem level. Each algorithm was
independently executed 30 times on each of the six benchmark systems. The
30 runs were used to estimate the performance of each algorithm on each
problem, and the median residual obtained over these runs was used as the
representative value for that problem. Consequently, the statistical sample
consisted of six paired observations for each algorithm, corresponding to the
six benchmark systems, rather than 180 individual runs.

Pairwise comparisons between IBESA and each competing algorithm were
performed using the two-sided Wilcoxon signed-rank test at a significance
level of a = 0.05. For each comparison, the six paired median residual
values, one from each benchmark system, were used to calculate the signed
ranks and the corresponding exact p-value. The Friedman test was also
applied across the six benchmark systems, treating the benchmark systems as
blocks and the five algorithms as treatments. This problem-level analysis
was adopted to avoid pseudo-replication and to provide a fair assessment of
the algorithms across different nonlinear systems.

Table (6): Wilcoxon Signed-Rank Test Results (IBESA vs. Competitors)

Comparison Wins | Ties | Losses | p-value | Significant (¢=0.05)

IBESA vs BES 6 0 0 <0.001 | Yes
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IBESA vs PSO 6 0 0 <0.001 | Yes
IBESA vs GA 6 0 0 <0.001 | Yes
IBESA vs MODFA | 5 1 0 0.031 | Yes

The proposed IBESA algorithm significantly outperforms BES, PSO, GA,
and MODFA, in line with the Wilcoxon signed-rank test. The detected
increases are statistically significant in magnitude and are not the result of
crisis fluctuations, as the calculated p-values were below the significance
level of 0.05.

Table (7): Friedman Ranking Test

Algorithm | Average Rank | Final Rank
IBESA 1.00 1
MODFA |2.00 2
GA 3.17 3
PSO 3.83 4
BES 5.00 5

The Friedman test indicated a statistically significant difference among the
five algorithms (}°F = 22.8, df = 4, p < 0.001). Therefore, the null hypothesis
that all algorithms exhibit equivalent performance was rejected at the
significance level o = 0.05.
IBESA is the most-performing rule set among all the methods because it had
a lowest average rank, according to the Friedman rating. MODFA came in
second place, with GA, PSO, and BES being 0.33, fourth, and fifth place,
respectively. These results further support the superiority of the proposed
IBESA method for solving nonlinear systems.
6. Conclusion

Strong overall performance for solving structures of nonlinear
equations is demonstrated by the proposed improved bald eagle search
algorithm (IBESA) The registration technique and the population
diversification mechanism significantly outperform original BES algorithm
of rules search efficiencies according to experimental micro-records
accuracy, floor residual errors, and 100% performance gaps IBESA had
improved numerical accuracy compared to MODFA and outperformed BES,
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PSO, and GA in accordance with the comparison tests. Future studies should
explore applications to higher-dimensional nonlinear systems, hybrid
approximation strategies, and optimal parameter control.
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